" Tendency or Averag

3.1 INTRODUCTION TR
For practical purposes, the condensation of data set into a frequ
distribution and the visual presentation are not enough, Pal’ﬁ
when two or more different data sets are to be compared. A data set can
be summarized in a single value. Such a value, usually somewhere in the
centre and representing the entire data set, is a value at which the data
have a tendency to concentrate. The tendency of the observations to
cluster in the central part of the data set is called Central Tendency and
the summary value'as a measure of central tendency. Since a measure of 1
central tendency indicates the location or general position of the
distribution or the data set in the range of observations, it is also known
as a measure of location or position, The measures of central tendency or
location are generally known as Averages. But in everyday language, ‘the
average’ is often understood to refer to the arithmetic mean (a form of
average to be discussed in section 3.4), it is for this reason that when 4
anyone speaks of ‘the average’ (without qualification) of a set of
s a rule, be assumed that the arithmetic mean is 4

observations, it may, &
meant. The usé of the term average has been traced to the time of |
Pythagoras (570-500 B.C.). Two points should be noted. First, a nieasure

of central tendency should be somewhere within the range of the data, 1

k. and secondly, it should remain unchanged by a rearrangement of the

observations in a different order.
Since the late nineteenth century, the practice has been to make a

distinction between a sample and a population from which the sample is
drawn, by using Latin letters for numerical quantities describing the
samble and Greek letters for corresponding quantities chmcaﬁ:iu
population. It should be noted that population Qarametokrs;_gr_t‘,\.
calculated directly as all observations from the populgﬁgn ar
g ) usually available. The measures corresponding to pOpuhﬁqn‘
! are generally calculated from sample data and are TFegarc
: estimates of population parameters. e




data of distribution. It is therefore desirable

are

igorously defined,
based on all the observations made,
simple to understand and easy to interpret,
quickly and easily calculated,
(v) amenable to mathematical treatment,
+ (vi) relatively stable in repeated sampling experiments, and

(vii) not unduly influenced by abnormally large or small
observations.

An average that possesses all or most of the conditions stated above,
is considered a satisfactory average.

3.3 TYPES OF AVERAGES

The most common types of averages are (i) the arithmetic mean or
simply the mean, (ii) the geometric mean, (iii) the harmonic mean, (iv)
the median and (v) the mode. The first three types are mathematical in
character and give an indication of the magnitude of the observed values.
The fourth type indicates the middle position while the lasg provides
information about the most frequent value in the distribution or the data

set.

=3.4 THE ARITHMETIC MEAN

' The arithmetic mean or simply the mean is the most familiar
average: It is defined as a value obtained by dividing the sum of all the
observations by their number, that is

Sum of all the observations
jiean = Number of the observations

"' The mean may correspond to either a population or a sample from ::: _

ulati~~ 1¢ tha given set of observations represents a p«mulatl;;:;l the

 is called the pu,:/ation mcan which is traditionally denote &
Greek letter mu). Thus the population mean of "“l =

’3;!\15-:,’;5)_.;;_,2,.:.._..&” is gi\ren as  bath
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mean of a set of n observations xy, Xy, ..., X, i§ ¢

n R\

where X is the mean of a sample of size n.

It is worthwhile to note that the population mean is a fixed
quantity, whereas x, the sample mean, is a variable because zrent
samples from the same population tend to have different means.

In order to interpret the meaniﬂg of arithmetic mean, let x; denote

the marks obtained by the ith student in a class. Then Y x; stands for the
total marks obtained by all students and x, the mean, represents the
number of marks that would haue‘been obtained by each student if
everyone in the class had obtained the same number of marks.
Geometrically the mean represents a point at which the distribution or

the set of observations would balance.
Example 3.1 The marks obtained by 9 students are given below:

45, 32, 37, 46, 39, 36, 41, 48, 36.

Calculate the arithmetic mean.
The mean is given by

Tx
n

x =
30+36+41+48+36

45 + 32 + 37 + 46 +
~ 9

——y.

- :_3%9- = 40 marks

It i.s relevant to note that, if these marl];:, rep:ls:n},ghgf~
observations for the population, th:o a “:: culation
population mean, i.e. i would equal to 40 marks.

3.4.1 The Wweighted

of numbers which express ux::sre
importance of various o




"average ls generally employed in the ealculatione? ’e"f ex
ibers, birth and death rates, etc. .

‘Example 3.2 Calculate the weighted mean from the t'ollowmg data:

Item Expenditure Weights
(Rs.)
Food ’ 290 7.5 |
Rent 54 2.0 ' >
Clothing 98 1.5
Fuel and Light 75 1.0 | T
Other items 75 0.5 4
(P.U., B.A. (Optional); 1969, 94) :
We calculate the weighted mean as helow- 1
Item Expenditure | Weights xX;w; [_m.
(x;) (w;) g
Food 290 7.5 2175.0 &
Rent 54 2.0 108.0 |
Clothing 98 1.5 147.0 | ’
Fuel and Light 75 1.0 7.0 |
Other items 75 0.5 315 . | :
Total ” 12.5 2542.5
W fiiice - 2% 25425 o ona | »
1 . e
< :‘-8.&.2 Properties of the Arithmetic Mean. The artt!lmeﬁc’ ”

he | owmx four propemes

# . e



Now Z(x;-a)’ = 2 (xg -+ ?-xw)
=Y [x; - 52 + 2(x; — %) , -
=Y (-0 + 2 -a) Tix;

=T -0+ nGE-a)? [ 2

It is obvious that T (x; — a)? > X(x; — ©2 by n (& — a)%. The equal
holds only when ¥ = a.

Hence XY(x; — )2 is always less than X(x; —a)?ifa #%.
This property is usually called the minimal property of the mean.

(iii) If k subgroups of data consisting of n,, ng, ..., By, (Da‘ =n)
observations have respective means %,, X,, ..., X, then X, |
mean for all the data, is given by

| - - —~

nl"'llz‘f...'fnk

- — (=130

n

’
i

i.e. a weighted mean of all the subgroup means. _
(iv) If y; =ax; +b (i =1,2, .., n), where a and b are any two
numbers and a # 0, theny = aX + b.

Now summing over all values of i, we obtain
Zy" =a &‘ + nb

.Dividing both sides by n, we get )
y=at +b
+ b represents & linear tmnst o1 :
ally called the mmmme&
d it providle! the

"

e SRR L

As the equation : s ax +




B | 43 61"
‘ - Find the overall mean height of 120 boys.

' Here ny = 40;n, = 37, n, = 43, and
X = 62", X, = 58", X; = 61"
The mean height of the combined class is given as o= :u
E=nlfl+n2i2+n3i'3 e :

=(40x62)+(37x58)+(43X61)87249=604- . f
40 + 37 + 43 120 : S

3.4.3 Mean From Grouped Data. When the number of
observations is very large, the data are organised into a frequency
distribution, which is used to calculate the approximate values of *
descriptive measures as the identity of the observations is lost. To '
calculate the approximate value of the mean, the observations in each
class are assumed to be identical with the class midpoint so that the
product of the midpoint by the number of observations, i.e. frequency,

would be approximately equal to the sum of observations for each class.
; Thus, if a frequency distribution has k classes with midpoints xy,

12, vany
x; and the corresponding frequencies f}, fo, ..., i (Z f; = n), the mean is
then given by the formula

- fix,+ foXo + ... #+ fixs 2
&~ fith+..+[
zfixi

= ’ (l = ], 2, wesey k)
n

B As a weight indicates the number of times an obse!;::“ i
=1 counted, the mean calculated from a frequ,gnc_)" dlﬁtﬂb“
~ regarded as the weighted mean where ieaill:a i‘m mid

he average’ value of the observations in that class
iverage __1'_?1“ of the ob sum of the weig

T -




.'.‘.i , his situation.
n 2.2 directly from the observed values
Wl'od into a frequency distribution. g

The calculations are outlined below:

1)

Welght | Sum of actual | /; | Mean Welghtof | /%
(grams) | observations each class () ,
65—84 695 9 77.2 694.8 74.5
J 85—104 947 10 94.7 947.0 94.5
i b 105—124 1919 17 112.9 1919.3| 114.5
125—144 1325 10 132.5 1325.0 134.5
145—164 766 5 153.2 766.0 154.5
165— 184 716 4 179.0 716.0 174.5
185—204 956 5 191.2 956.0 194.5 972.5
- Total 7324 60 - 7324.1 - 7350.0

Calculation based on Ungrouped data

We calculate the mean weight, X, directly from all the obs.erve‘dv
values, which add to 7324. (The second column consists of subtotal of

actual observations in any class).

%= 2% , (i=1,2,..60
T n
,= -%—(2)—4 =.122.07 grams
‘ Next, we find the mean weight, X, by multiplying the actual m
] the observations in any class by the corresponding frequency, aci in,

products and then dividing by n (column 5).
.-Z—f‘—’_f‘-, (i=12 .07
n

Thus

-----



_ 7350.0
80 - 122.5 grams

It should be noted that the numerical value of %, calculated from : !
frequency distribution is slightly different from the value )
dnrectly from the ungrouped data.

JLLE

3 4.4 Change of Origin and Scale. To reduce the computational
labour and to save time, a change of the origin and scale can be made. If
X; denotes an observed value, a and b are two constants with b # 0, then
the operations x; + a, hr, and * a are known respectively as the
change of origin, the change ind both change of origin and scale.

ometimes called assumed mean, and

Let a be an arbitrar

let X; = a + hu; wher notes the unit of measurement. Then its
corresponding coded va
3 - ] N - S 1
Now R — 0 — 2(a + hu))
. S,
na hlu, el
B v s emmmecis gz 0 4 hi
n n

Thus the arithmetic mean can be calculated from any origin we may
choose and using any scale we desire. This transformation is particul: s
useful for calculations based on grouped data, where % is the df
class interval and a is usually chosen the class midpoint m

region of the higher frequencies so that the larger fw
multiplied by smaller values of u. This procedure gives us
method for hand calculations. A

hmﬂo 3.5 Given the following luquma
al thm wagmbymsum 7




it (grams) | Midpoints (<) | fi |
|  es-8s LS o | -2
™ 85-104 94.5 10 4 1'» ;
; 105 — 124 1145 7 17 0 -28
o 125 — 144 134.5 10 1 10
.- . 145 — 164 154.5 5 2 10
165 — 184 174.5 4 3 12
185 — 204 194.5 5 4 20
: Total 60 -- +52
| 24
;j . Thus X =a+hi, where i = Z’fl‘u‘
j‘ = 114.5 + —‘%ﬁ = 114.5 + 8.0 = 122.5 grams.

Example 3.6 Compute the mean for the following frequency
distribution of annual death rates: i

Death Rate Frequency
35-4.4 1
45-54 4
55-6.4 5
6.5—-17.4 13
7.5-8.4 12
8.5-94 19
9.5 - 10.4 13

10.5—-11.4 10

11.5-12.4

_12.5-134

~135-144



85-19.4 0
9.5-104 1
105-114 10.95 10 2 20
11.5-124 11.95 6 3 18
12.5-134 12.95 4 4 16
13.5 - 14.4 13.95 1 5 5
Total .- 88 -- +72
-2
Hence X=a+ % where a is assumed mean and A ='1.

(—2)
88

8.95 +

= 8.95-0.02 = 8.93

3.5 THE GEOMETRIC MEAN

. The geomeétric mean, G, of a set of n positive values x,, X, ..., X, i§
: defined as the positive nth root of their product, i.e.

n
\/11 Xg . Xp where x > 0

When n is Iarge, the computanon of the geometric mm {s],
hbono_us, as we have to multxp]y all the values and fl_zen ;

TS T



RSP ’2‘ uu‘.x* m M *. ;&’ ONC
Bile Ty (ﬁ‘i = n), the formnla for the geometric mean is given by
G [xl « X ,2,2 wees x{‘] l/n' | -

In terms of logarithms, the formula becomes

log G = %[fl logx, + falogxy + ... + [ log x3]

[

H 1

& | =~ 2 f;logx
5

;

or G = antilog [anf, log x; ]

The weighted geometric mean of t

he values x), x,, .., x, with
corresponding weights wy, w

2 -» Wy i given by
. ]
, log G, = = [ w; log x;]

The geometric mean

'S appropriate to average ratios and rates of
i change.

Example 3.7 Find the geometric mean of 45, 32, 37, 46, 39, 36, 41,
48 and 36.

The geometric mean, G, is calculated as

9
G = \/(45 x 32 x 37 x 46 x 39 x 36 x 41 x 48 x 36)
Taking logs, we have

e

o~

logG-s-l’- [log 45 + log 32 + log 37 + log46+log$9+lbg;-3'§ >

. + log 41 + log 48 + log 36)

ol 4

CDIH

[165321+150515+156820+166276+1
+ 1.55630 + 1.61278 + 1.68124 + 1.55630)

BT

logG = %‘Eusaml = L59858

A s
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‘The computation of the geometric mean is shown below: =
“f X fi logx; | filogx;
65 — 84 74.5 9 1.8722 16.8498
85 — 104 94.5 10 1.9754 19.7540
105 — 124 114.5 17 2.0589 35.0013
125 — 144 134.5 10 2.1287 21.2870
145 — 164 154.5 5 2.1889 10.9445
165— 184 | 1745 4 2.2418 8.9672
185 — 204 194.5 5 2.2889 11.4445
5 = 60 o 124.2483
log G = %Zfi log x; = i‘?“gé“m = 2.0708

Hence G = Anti-log (2.0708) = 117.7 grams

3.6 THE HARMONIC MEAN

The harmonic mean, H, of a set of n values x,, x,, ...
the reciprocal of the arithmetic mean of the reciprocals of the values. In

symbols,

, X, is defined as

1 1 1
x-— + ;— + ook ;—
H = Reciprocal of L -2 = .

Z x. | i
~ The harmonic mean is an appropriate type to b‘u"”d in &
".;mﬁu-o{ ratios or rates of ch"’“' 'T°' mm* e
mle. Snppm g g B
30 km; at 20,k 4”“'*"‘"‘3

-—"—1- where x # 0 2
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Care should be exercised to apply the harmonic mean. The followin
rule will help determine the application of the harmonic mean.

*When rates are expressed as x per y, and x is constant, the h
mean is required; but if y is constant, the arithmetic mean is requi

For data organised into a frequency distribution having k classes

with classmarks x,, x, .., x, and the corresponding frequencies
fi> Fas--fx (X f; = n) the harmonic mean of the distribution is given by
Lk, 4L
H = Reciprocal of — - ol

[l+f.2+...+fh‘

n

- o e R ’
I
»-

Similarly, the weighted harmonic mean is defined as

Wyt Wo + ... + W,

" D) (e

\"w.
e e BLE

Za(3)

Example 3.9 Find the harmonic mean from the ollowi
frequency distribution of weights: 7 ,
Weight | 65-84 [85-104 |105-124[125-144[145~-164[165

H




125 - 144 0.07435
145 - 164 154.5 5 0.03236
165 — 184 174.5 4 0.02292
185 — 204 194.5 5 0.02571
Y -- 60 0.53044 - 1
60 ' ~
Hence H = s = - ,i' = 113.11 grams : |
1 0.53044
2(3)
l |
Example 3.10 Compute the Geometric and Harmonic means for 1
the following distribution of annual death rates: :
x; .95 4.95 5.95 6.95 7.95 8.95 9.95 10.95 11.95 12.95 13.9
1i B L5 13 12 19 13 10 o 1

(B.L.S.E. Lahore 1971)

We can construct the following table to compute the geometric and
harmonic means:

X; fi log x; f; log x; oy 1 3
: r()
395 [ 1 0.59660 | 0.59660 | 0.25316 | 0.25316
49 | 4 0.69461 | -2.77844 | 020202 | 0.80808
59 | 5 0.77452 | 3.87260 |- 0.16807 | 0.84085
| 13 | 084198 | 1094574 [ 014388 | 187044 |
12 | 090037 | 1080444 | 012579 | 150948 [
| 0.95182 | 18.08458 | 011178 | 212287 |
0.99782 | 12.97166 | 0.10050 | 1.30650
1.03945 | 10.39450 | 0.09132 [
1.07740 46440 0.
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3.7 THE MEDIAN

The median is defined as a value which divides a data set ha
been ordered, into two equal parts, one part comprising of obse: _
greater than and the other part smaller than it. Or more prechely;,. ne
median is a value at or below which 50% of the ordered data lie.

Thus the sample median of the n observations X1s X5 wep Xy when
arranged in order from smallest to largest, is the middle value if n is oddi
and the average of two middle values if n is even. Stated dxﬁerenﬁy,

h observation, and when

n .
when 3 is not an integer, the median is (

n
-2-r is an mteger the median is the average of —th and ( +1)ﬂl

observatxons

The median in case of a discrete or ungrouped frequency distribution can
be found as above by forming a cumulative frequency distribution,
b |
For data grouped into a frequency distribution, the median is a
value or a point on the horizontal scale through which a vertical line
divides the histogram of the distribution into two parts of equal m" ’
* other words, the median is that value on the horizontal scale w

= b

corresponds to a cumulative frequency -2- This value would li e i

certain group, called the median group, but a single value for the
is often desirable. To -obtain this single value, we assume
observations are evenly distributed wzthm the median group. Th

be obtained as follows:

’

Let us consider a relevant Pomon ot' A




t = (HORIZONTAL SCALE)

A
0 ~—1 = MEDIAN

BD DM
Si BDM B -
nce and BEF are similar triangles, therefore —— BE ~ EF :
DM

BD = BE . —— 1

or E. BF :

Now evidently BE is the width of the class-interval containing '
median and hence is equal to A

\.'I-..'

DM = E — AB, where AB represents the cumulative frequency

corresponding to the group preceding the median group. Let it be equal
to C. Then DM = 7 - C. F

EF is the difference between two cumulative frequencies, which is
clearly the frequency corresponding to the median group and is denoted
by f. If OA = [ (which is the lower boundary of median group), then
substituting these values, we get the following formula

Median=l+%(£— ) : .
‘This process of determining the median is called linear mtcmolatwn ;

1d it does not require a uniform class interval. If this arithmetical
i.j"ls not used, but the value ot’ median (on the X ~
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and 75 per cent of the data. Sumlarly, the nine values h
distribution into ten equal parts, are called Deciles and are d
D,, Dy, .., Dg; while the ninety nine values dividing the dat:
hundred equal parts, are called Percentiles and are denoted by P, v ]
Pyg. The second quartile or the fifth decile or the fiftieth percent
obvxously identical with the median.

Quartiles, deciles, percentiles and other values obtained by eqml"
subdivision of the given set of data, are collectively called Quantiles or
sometimes Fractiles. The Quantiles should be calculated when the
number of observations is quite large.

It is interesting to note that all the Quantiles are percentiles. For
example, the 3rd quartile is the 75th percentile and the 6th decile
corresponds to the 60th percentile. We therefore use the following
formula to compute P;, LLL Jth percentile from a set of n observations,
arranged in order from smallest to largest.

(1) When {ﬁ is not an integer, the jth percentile is given as |

| i o I S jn 4
Pj Observation with ordinal number %] + 1; and

(i1) when % is an integer, the jth percentile is

P; = Average of two observation with ordinal numbers
L LA
(100) - (100 +4
where [x] stands for the largest integer in x.

In case of grouped data, Quantiles are calculated in the same way as
the median.

.........

actually suggested median.

e Example 3.11 Given below are the m



| 2‘. ie. gis not an mteger. tharetore =

==

ed:an = Marks obtamed by ([ =] + 1}th student

= Marks obtained by (4+ 1), i.e 5th student in ordered data,
= 39 marks

Now @, = Marks obtained by ([’-:—] K l)lh student asg- is not an

integer.

Marks obtained by ([ %] - l)th, i.¢. 3rd student,

36 marks.

Similarly,

- fr 3n
Marks obtained by | | i

Q@3 ] + l)rh student

27

N

= Marks obtained by ([ ] + l)th, i.e. 7th student.

»
I

= 45 marks.
Example 3.12 The following distribution relates to the number of
assistants in 50 retail establishments.

No. of assistants 0 11 2 3 |4]|5]|6)|7]8]29
f 3|4 |6|7|w0]e]s]s]|3}21}
Also calculate the quartiles and

Find the median number of assistants.
~ the 7th decile.
L This is an example of ungrouped fre

]
m*interval. To locate the median, the
: a ibution, we cumulate the frequen ies.

JEEE ' "
3 |a]6]7 m s

ewv.




| Hence mcdmn number ot assistants = 4.

T

For Q,, we see that = 1 ie. 54—0 is not an integer, therefore
) . {150 : ' LS
@, = No. of assistants in [T] + 1|th estabhshment..
= No. of assistants in (12 + 1), i.e. 13th establishment
= 2 assistants.

Similarly,

4
n . |
@3 = No. of assistants in ([3 x450] + l)th establishment as%-ls

also not an integer.
= No. of assistants in 38tk establishment.

= 6 assistants.

Again D, = Average number of assistants (————7:30 h and (7;(30 1):];

in . :
establishment as 10 is an integer.

= Average number of assistants in 35th and 36th
i establishments

= 5 assistants (since both values correspond to 5)

i Example 3.13 Find the median, the quartiles and the 8tk
y for the distribution of examination marks given below:

s | 30-39 | 40-49 | 50-59 | 6069 | 70-79 | 80-89 | 90-9
Y Eumberofstudents 8 87 190' 304 211 ——




54.5
64.5
74.5

| 59.5 - 69.5
7'%&5-7&5
| 795-895
89.5 — 99.5

84.5 85 885
94.5 . 20 905

Median = Marks obtained by (%)th student

: 905 .
= Marks obtained by 5+ Le. 452.5th student which
corresponds to marks in the class 59.5 — 69.5. Therefore
* Median=1[ + Zz_(_n_ — C), where the letters have their usual significance.

f\2
10

— el ‘)L’ .
595+304(4525 : o
= 59.5 + 131'01?' = 59.5 + 5.5 = 65 marks. -

And @, = Marks of( )th student

= Marks of 9% , Le. 226.25th student which corresponds to

a value in the class 49.5-59.5. Therefore

.-.Q,-u%(%-) 495+1—9-6(22625 95)

= 495 + 6.9 = 56.4 = 56 marks
l, farks of (—)ﬂz student

.3 %905

.':.m'«\,,wf, o ié‘.&‘ “d —v-u-q
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(! R v - ':Jr,'-. :
= Marks °‘8x1_(?m3" i.e.724th student which also
the class 69.5 — 79.5
' h (8n
Hence Dg =1 + f(ﬁ— )
10 |
= 69.5 + ;- (724 - 589) = 69.5 + 6.4 = 76 marks

211

3.8 THE MODE

The French word mode meaning fashion, has been adopted to
convey the idea of "most frequent”. The mode is defined as a value which
occurs most frequently in a set of data, that is it indicates the most
common result. A set of data may have more than one mode or no mode
at all when each observation occurs the same number of times.

In an ungrouped frequency distribution with classes consisting of
single values, the mode can be immediately located by examining the
distribution. For example, in the distribution relating to the number of
assistants in 50 retail establishments (Example 3.12) the mode is 4, as
the frequency for x = 4 is greater than for any other value of x.

When the data re organised into a grouped frequency distribution,

the mode would lie in the class that carries the highest frequency. Thu
class is called the modal class. For most practical purposes, it is

------

. ST

generally it is a poor approximation. It therefore becomes*dasirgbh
decide at what point of the modal class, the mode sh.ould be locat
meet this requirement a method based on Fhree adjacent
the histogram, with the tallest in the middle, has beend

The method is

f m f 1 — ’l,
(i =11) + U =D
whe: l = lower class boundary of the modal

Mode = [ +

. 3 e -
- £ B I 1
4 =N

e TN

-




an also be calculated by the following formula:
2
fi+ 16

- where the letters have their usual meaning. It should be noted that the

first formula is more accurate and should be generally used in
calculating the mode. '

’ Mode = + x h,

When a frequency distribution is displayed as a‘smooth curve, the
mode is the abscissa of the highest ordinate. A distribution having a
single mode, is called a unimodal distribution. A distribution having a
single mode, is called a unimodal distribution, while a distribution with I I
two or more modes, is called a bimodal or multimodal distribution. It has |
no meaning for flat-topped distributions. It should be remembered that,
when a frequency distribution has classes of unequal widths, the modal

. class is the class with maximum frequency per unit. The mode should be
calculated if the frequency distribution has a class that carries more
frequencies than the others and this class should not be at the extremity

of the distribution.
Example 3.14 Calculate the mode for the distribution of
examination marks given in Example 3.13.

The class that carries the highest frequency is 59.5 — 69.5, which is
thus the modal class.
Also [ =595f,=190,f;=211,[, = 304 and h = 10.

fm = /l
r Mode= [ + x h,
Hence Mode T =T
: 304 — 190 1
‘ g (304 — 190) + (304 — 211)
= 59.5 + 5.8 = 65.3 = 65-marks. :

RELATION BETWEEN MEAN, MEDIAN
\ ¥ . 7 ' : oo e .



Experience tells us that in a unimodal curve of moderate ,.Q_f" ’
the median is usually sandwiched between the mean and the mode a
between them the following approximate relation holds good.

Mean — Mode = 3 (Mean — Median)

or Mode = 3 Median — 2 Mean.

This empirical relation does not hold in case of a J-shaped or an
extremely skewed distribution.

3.10 THE BOX PLOTS
The Box Plots, which arve graphically very simple, are based on the
Median, a measure of location and the Interquartile Range (IQR), a
measure of data's variability. They are informative and effective for
comparing two or more data sets / distributions.
A box plot is constructed by drawing a rectangle (the box) with the
ends (called the hinges) drawn at the lower and upper quartiles (Q,and
Q,) The median of the data is shown in the box usually by a il

in the direction of the lo‘nger whisker. The box plot gwen
represents the distribution of examination marks given in Examp
BOX PLOT FOR DATA IN EXAMPLE 3.13




C . y to understand the merits and demerits of each one of
1ges in order that it may be appropriately employed.

S
3.11.1 The Arithmetic Mean. The advantages of the mean are:

(i) Itis rigorously defined by a mathematical formula.
(ii) It is based on all 'he observations in the data.
(iii) It is easy to calculate and simple to comprehend.

(iv) It is determined for almost every kind of data. B

(v) Itis a relatively stable statistic with the fluctuations of
- sampling. That is why it is universally used.

(vi) Itis amenable to mathematical treatment.

The disadvantages of the mean are:

st G

(i) Itis greatly affected by extreme values in the data.
(i1) It gives sometimes fallacious conclusions.

(iii) In a highly skewed distribution, the mean is not an 4
appropriate measure of average, J

(iv) If the grouped data have "open-end” classes, mean cannot be
calculated without assuming the limits.

3.11.2 The Geometric Mean. The advantages of the geometric
mean are:
(i) It is rigorously defined by a mathematical formula. b

(ii) It is based on all observed values.
(iii) It is amenable to mathematical treatment in certain cases.

(iv) It gives equal weightage to all the observations. K
(v) It is not much aftected by sampling variability. g
(vi) It is an appropriate type of average to be used in casg rates of
change or ratios are to be averaged.
Its disadvantages are:
(i) It is neither easy to calculate nor to understand.

- k (ii) It vanishes if any observation is zero.
' (iii) In case of negative values, it cannot be computed at all.

"'1.3 The Harmonlc Mean. The advantages of the harm

SR



- 3.11.4 The Median. The advantages of the mec

,,,,,,, (i) It is easily calculated and understood.

- (i) Itislocated eyen when the values are not capable
quantitative measurement.

(iii)  Itis not affected by extreme values. It can be compnted .

when a frequency distribution involves “open-end" classes like

those of income and prices.

(iv)  In a highly skewed distribution, median is an appropriate
3 average to use.

The median has the following disadvantages:
(i) Itis not rigorously defined.

(i) It is not capable of lending itself to further statistical
treatment.

(iii) It necessitates the arrangement of data into an array which
can be tedious and time consuming for a large body of data. t
3.11.5 The Mode. The advantages of the mode are: ’

(i) Itis simply defined and easily calculated. In many cases, it is
extremely easy to locate the mode.

(i) It is not affected by abnormally large or small observations.
(1ii) It can be determined for both the quantitative and the
qualitative data
The disadvantages of the mode are:
(i) It is not rigorously defined.
(ii) It is often indeterminate and indefinite.
(iii) It is not based on all the observations made.
(iv) It is not capable of lending itself to further statistical
treatment.
(v) When the distribution consists of a small number of values,
the mode may not exist.

EXERCISES

3.1 What is a statistical average? Name the important _' !
averages. Discuss the advantages and di_sac_l.\fgnmg!
average. gaa? (P.U, BQ

: What is a measure of central tendency‘?" hat is th
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3.8

3.9

3.10

3.11

3.12

- tltstmbutlons"

3.7

(ii) The median is described as the value of the aver: 18

E_ﬁmment on the followi ng statemen‘t'S'

; su&able statistic to descube the ccntx‘a] tende
(P.U,; B.A./B.Sc. A3
What are the different measures of central tendency? Describe
the manner of computation of any three of them with suitable
illustrations. (P.U., M.A. Econ. 1967)
Define weighted average and explain how it differs from simple
mean. Give the method of its computation and discuss the use of
weighted mean in Statistics. (P.U., M.A. Econ. 1974)
What is the median? What are'its advantages and disadvantages?
Give reasons why the statistician usually prefers the arithmetic
mean to the median (P.U., M.A. Econ. 1981)
Define, and explain how to compute, the following quantities for
a grouped distribution: ¥, @, @4, D, and Mode.

Define the arithmetic mean, the mode and the median. Discuss
the relationship of thes: measures of location in a skewed
distribution. State the chief advantages of the arithmetic mean as
a form of average.

Define Mean, Median and Mode. What are their advantages and
limitations in the analysis of data? Give various methods of
calculating Arithmetic mean, with illustrations.
> (P.U., B.A./B.Sc. 1958, 1960)
(a) Define Mean, Median and Mode. Give an empirical relation
between them. Does this relation give correct value for the
mode?
(b) Criticise the following statements:
(i) An average does not reveal all the infor matxon about thle“
data. e

three

than the average value.




In walk in the xmddle of the road. |
) In a country, 2,000 vaccmated persons’

» vaccination is useless.

8.14 Define the mean, the median and the mode of a fre

distribution.

from .the mean. State with reasons, whether you expect this
relationship to hold, and which of the three statistics is likely to

be the most useful single statistic for each of the following
- distributions:

(1) The annual earnings of employed males in Pakistan.
(11) The percentage of sky, to the nearest 10 per cent, covered
by cloud at Karachi at mid-day. l

(i11) The exact length of rods cut to a standard size by machine: :
(P.C.S,, 1971) ‘
3.15 (a) Define arithmetic mean and describe its properties. <
(b) Ifthe arithmetic mean of n numbers x,, X9, .., X, IS M and A
Is any arbitrary number, then show that
2l — A2 =Y (x; = M)? + n(M — A)2 (P, BA /i1 Se 1072082)

(e) A distribution consists ol three components with frequenci¢s
3, 4 and 5, and having means 2, 5.5 and 10. Find the mean of
the combined distribution. (P.U., B.A./B.Sc. 1977)
3.16 (a) State the properties of the arithmetic mean. o
(b) Show that Y(x; — a)? = Y(x; — x)* + nlx - a)2 In other
words, show that the sum of squares abouta = x :ssm
(c) A distribution consists of 3 components with freq'
40 and 65, having their means 2, 2.5 and 2 respectiy
that the mean of the combined distr
approximately. }
(a) The number of cars crossing a cemin
- 10 intervals of five minutes each were

”ammm_$,




Ii ’ ..
(b monthly incomes of ten families in rupees in a
~ locality are given below: .
- Family: AR . D EF G B hed
- Income (Rs.): 85, 70, 10, 75, 500, 8, 42, 250, 40, 36. :
Calculate the arithmetic mean, the geometric mean and the
harmonic mean of the above incomes. Which one of the above
three averages represents the above figures best?
3.19 Calculate the arithmetic mean, the geometric mean and the
v harmonic mean of the annual incomes of fifteen families as given
W below:
Rs. 60, 80, 90, 96, 120, 150, 200, 360, 480, 520, 1060, 1200, 1450,
2500, 7200.
83.20 (a) In a company having 80 employees, 60 earn Rs. 3.00 per hour
and 20 earn Rs. 2.00 per hour. (i) Determine the mean

earnings per hour. (ii) Do you consider this mean hourly q
wage to be typical’ (P.U., B.A./B.Sc. 1980-S)

(b) An examination candidate's percentages are: English, 73;
French. 82: Mathematics, 57; Science, 62; History, 60. Find

the candidate's weighted mean if weights of 4, 3, 3, 1, %
respectively are allotted to the subjects.

3921 Find (i) the simple average of prices in column 2 and (ii) the

weighted average, using the quantities in column 3 as )veigl.\ts,

and explain the difference between the two results.

(1) (2) (3) 3
Plocegoods | Pricepmrmetre | @ evemaired L
Unbleached 8.37 286
Bleached 9.50 255
- l"rinted flags 9.16 :l; ;3
L ’?m 9.84

13.65 "

o it
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The firm gave bonuses of Rs. 10, 15, 20,
ol individuals in the respective salary groups: ¢
exceeding 75, exceeding 75 but not exceeding 90 and
exceeding 135 but not exceeding 150. Find the aver

paid per employee. (P.U., M.A. Econ. 1974; B.Z.U. M.A., Econ.
3.23 The following table shows the age distribution of 1,143 horses.
Age (yeaxs) Number of horses Average
ala 3 73 age (2))
1-4 12 2%
5= 9 223 7.6
10 — 14 435 12.0
1§ - 19 272 16.3
20 — 24 161 20.8
25 — 29 34 25.8 ' |
30 and over 6 31.8 |

Compute the average age of these horses (a) from the first two
columns of the table by the usual short method, (b) from the last
two columns by weighting the group averages by the number of
horses in the groups. Compare the two results. Which one is

v more nearly the real average age? N\
| 324 Find the arithmetic and geometric means of the series 1, 2, 4, &l
16, ...., 2". Find also the harmonic mean. (P.U. D. St. 1960)
K

3926 Find (i) arithmetic man, (i) geometric mean, and (iii) harmo '\f i
mean of the series 1, 3, 9, 27, 81, .., 3" (P.U., B.A/B.Sc. 19’18. 82)

3.26 (a) Define Geometric mean and describe its advantage

o /-,disadvantage. | | '
“ | () (b)/Given two sets, each of n positive values, X3, %120
2 Xog, .-y Xgq5 PrOVe that the geometric mean of
1 corresponding values in the two set;is

-

the geometric mans of the twWo SELs.
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Am in gets a rise of 10% in salary at the end of his fist yea
-“:Viec, and further rises of 20% and 25% at the end of thc
second and third years respectively, the rise in each case being
calculated on his salary at the beginning of the year To what
annual percentage increase is this equivalent?

3.28 (a) Define Harmonic mean. How does it differ from arithmetic
mean? What are its advantages and disadvantages?

(b) A man travels from A to B at average speed of 30 miles per
hour and returns from B to A along the same route at an
average speed of 60 miles per hour. Find the average speed of

the entire journey. (P.U.,, B.A./B.Sc. 1972)
(¢) Find out the average speed of person who rides the first mile S
at the rate of 8 miles an hour, the next mile at the rate of 7.5 g
miles an hour and the third mile at the rate of 5.5 miles an
hour. (P.U., B.A./B.Sc. 1981)
3.29 (a) A bus travelling 200 lometres has 10 stages at equal R
intervals. The speed of the bus in the various stages was
observed to be 10, 15, 20, 25, 20, 30, 40, 50, 30, 40 kilometres
per hour. Find the average speed at which the bus travels.

(b) Find out the average rate of (i) motion in the case of a person
who rides the first mile at the rate of 10 miles an hour, the
next mile at the rate of 8 miles per hour, and the third mile
at the rate of 6 miles per hour; (ii) increase in population,
which in the first decade has increased 20%, in the next 25%
and in the third 44%. (P.U,, B.A. (Part ]) 1962-S)

3.30 Find the geometric mean and the harmonic mean of the
: following frequency distribution:




ﬁm week. Find the median of the she
Mu.tbc?tbdecdcmddwuthpc cent

Calculate the Mean, Median and Modal n
houu from the data:




40 and under 50
50 and under 60
60 and under 65
65 and under 70
70 and under 75
75 and under 85

58
32
28

3.37 Compufe the median and quartiles of the following distribution
of heights and check the results on a graph.

Heights 57.5—, 60.0—, 62.56—, 65.0~, 67.5-, 70.0-, 72.5—
(inches) -
Number 6 26 190 281 412 127 38

A | (P.U., M.A. Econ., 1969)
3.38 Explain when median is more representative than mean.

Calculate the median of the following distribution.

Class Number Class Number Class Number ["
100-104 4 125-129 298  150-154 260
105—109 14  130-134 380  155-159 128
110-114 60 135-139 450  160-164 66
115-119 138  140-144 500  165-169 28
120-124 236  145-149 430 170-174 12

(P.U,, BA/BSc 1960) -




60 and over 166
(P.U., B.A./B.Sc., 1968)
3.41 The following distribution shows Kilowatt-Hours of Elec&kityff

used in one month by 75 residential consumers in a certain
locality of Lahore.

Consum-

ption in 5-24 25-44 (6-G1 | G5-84 | 85-104 |105-124] 125-1441145-1G4

kilowatt ‘ "

hours [ S o .

No. of 1 6 i 22 14 5 7 3
consumers S |

Estimate the mean, the median and the two quartiles.

342 The yields of grain (x 1b) from 500 small plots are grouped in
classes with a common class-interval (0.2 1b.) in the table below,
the values of x given being the midvalues of the classes. Show
that the mean of the distribution is 3.95 lb.; the median is
3.95 lb.; and quartiles are 3.63 1b. and 4.28 1b. .

x f x it
2.8 4 4.2 69
3.0 15 44 59
3.2 20 46 35



16 85-99.9
68 100-1149 | 803
204 115-129.9 294
233 130-144.9 21

240 145-159.9

(b)

(¢)

-‘ 3.44 In a group of 500 wage-earners, the weekly wages of 4% were

under Rs. 60 and those of 15% were under Rs. 62.50. 15% of the
workers earned Rs. 95 and over, and 5% of them got Rs. 100 and
over. ' :
The median and quartile wages were Rs. 82.25, Rs. 72.75 and

Rs. 90.50; the fourth and sixth decile wages vere Rs. 78.75 and

Rs. 85.25 respectively

Put the above information in the form of a frequency distribution

and estimate the mean wage of the 500 wage-earners therefrom.

Hint. First put the information in the form of a cumulative

frequency table | )
345 (a) Describe the advantages and disadvantages of the mean, the

between them. 5
(b)Y The weight of the 40 male students at a umventty |
in the following frequency table: : L

3 Ul 5

Find the average weight, the median weight and the most
common weight (mode) of the seeds.

Find the first and third quartiles. Find the third decile and
the 45th percentile.

Explain your answers as you would to a person who had never
studied statistics

di and the mode. Explain the empirical relaﬁon_
bese (P.U. B.A/B.Sc. 1971)

P oo T3

-
o
2 - o

R S

118-126 | 127-135 | 136-144 | |
=




Determine the mean, the median and r.he:mf .
3.47 The following is the distribution - of wam

employees in a certain factory.
Daily wages | 22 | 24 | 26 | 28 [ 30 [ 32 | 34 | 36 | 38 |
(Rs.)
Number of 3 | 13| 43 | 102|175 | 220 | 204 | 139 | 69
employees

Calculate the Modal and Median wages and explain why there is;
a difference between the two.

3.48 (a) Define the mode of a frequercy distribution. How does it
compare with other types of averages?

(b) Write down the empirical relation between mean, median,
and mode for unimodal distributions of moderate asymmetry,
[llustrate graphically the relative positions of the mean,
median and mode for frequency curves which are skewed to
the right and to the left. (P.U., B.A/B.Sc. 1972,80-S) |

(¢) For a certain frequency distribution, the mean was 40.5 and
median 36. Find the mode approximately using the formula
connecting the three. (P.U. B.A./B.Sc. Optional, 1971-S)

3.49 (a) What types of averages would be suitable for the following
cases? Give reasons.
(i) Size of agricultural holdings.
(ii) Heights of students.
P (ili) Marks obtained in any examination,
(iv) Income of workers in a factory.
(v) Per capita income in Pakistan.
, (vi) Comparison of intelligence. |
: (vii) Volumes of sales of ready-made shirts, shoes and collar:
(viii) Number of petals of flowers.
(b) What measures of central tendency would yo
for the following cases. Give reasons il




~(iv) Frequency distri

L
350 (@ A distribution xj, X3, o Xp o

'

: , P

Jution of a quantitative
[ored e Ta 18 transformed into the distribution X;
X,, with the same corresponding frequencies by the rela
X_ = ax,+b, where a and b are constant.
mode and median
of those of the first distribution by the same transformation.

(b) A distribution has values of the variable Xy, Xg, «=ss Xk with
corresponding frequencies [is [2 s ilie A new distribution

with the same frequencies is formed by taking X, = 2% =8
for values of r (r = 1, 2. ..., k). If the values of the mean,

median and mode of the original distribution are a, b and ¢

what are these values of the new distribution?
(P.U., B.A/B.Sc. 198Q)

respectively,

Show that the mean,
of the new distribution are given in terms

a



