(true)

(true)
(false)
(false)
(rrue)
1}
availabl‘e for the next drawing does "
mphng with replacement. (true)
wplacemem. the number of units
drawing will be reduced by one. (true)
nents as true or false.
' all possible samples of size n taken
emen! from a population of size N is ¥ C, . (false)
‘::l:m replacement, a sampling unit can be
o once. (false)
with xepll_lcem.ent. the sample size may be
ﬁ;populmon size. (true)
gépllcemt, a finite population becomes
ok (true)
 errors may be present both in sample survey
4 ) (true)
error ws by increasing the sample size. (false)
‘non-.u!nphng errors are both controllable. (true)
dard deviation of a sampling distribution of a :
: Wﬂw standard error of that statistic. (true)
’ is the difference of a statistic from the
g estimated. (false)
se both s_amplmg error and standard error by
e sample size. ‘ (true)
an estimate can be determined by its
. (true)

\

using

121  STATISTICAL INFERENCE

‘Statistical inference is a field concerned with dra
observed values of random variables which are go ¢
Statistical inferences are the conclusions made about the
parameter of a population using a limited information contained in an ¢
from it at random. The two most important types of statistical inferences are

(i)  Estimation of parameters = y

(i)  Testing of hypotheses

122 STATISTICAL ESTIMATION
The statistical estimation is a procedure of making judgment about e

of a population parameter by using the ng_.

Population parameters are estimated from sample data because it is in

: N N s

examine the entire population in order to make such an exact determination. Staistce
procedures provide estimates of population parameters with a desired degree © conf
degree of confidence can be controlled, in part, by the size of the sample (the
the greater the accuracy of the estimate) and by the type of the estimate made. T
estimation of population parameters is further divided into two types

) Point estimation

(i Interval estimation
o R 'q
123 POINT ESTIMATION OM PARAMETER
is to obtain a single number from

The object of point estimation
intended for estimating the unknown true value of a population parameter.

1231 Point Estimator. A point estimator is A sample statistic that is used 10 €8
unknown true value of a population parameter. v
An estimator is always a statistic which is both a function and &
probability distribution. An estimator is denoted by a capital letter (& 8
' 2
Suppose that X, Xp,** " X, is a random sample from a popul
mass function or probability density function f(X 3 ), then the es
estimate @ is a function given by 3

T = g(X;, b VR x.)

1232 Point Estimate. A point estimate is a specific »
smplemmwmhmmweam



data, the numerical value
the particular sample. An estimate is

ed random sample from a i;opuln‘tion with
on f(x; 8), then the particular value of an

" B

BN CTE SR

sample selected from a normal population with mean  and
, 31, 23, 33, 28, 36, 22, 26. Give the point estimators for [l
it e e S e

BRENNORENG6 ¢ 227 26 | Xx =224
5 0
@5 25 0

T(x. - %)= 172

R |
w
&
EN

or of population mean 41 is LTy
_ et = -

ate of population mean u is B3 )
] ? » ) % ¥
mators of population variance o are
l g ; .' n

LA X, . 8G = n-1 ‘gl(X,—X)’
point estimates of population variance o'* are
>
o X = 2 S/ Tl
. f‘, L] X n = ¥ _"8—2 =215 ( § = ._.—L———Z(" a0 e A8
o+ ¢ , / Bt e !

] =\
~ UNBIASEDNESS %
e -
Ny distribution of an estimator should be centred #i somo senso at the value of the

be eatimated, Becauss expected value is & measure of the contre of a distribution, o
uirement for an estimator 7 may be E(T') = 0. This property Iy called a8
s of the estimator 7. It refers 1g the desirability of (he sampling distribution of an
centred at the parameter (0 be estimated.
| sthmator, An estimator I8 unblased if the mean of 1ta sampling distribution
POpuTaion parameter (o be exfimated.
, X, bo a random sample from u distrdbution /(¥4
0ty X, ) I sald to be unblased for parameter 0\

KT) = 0

0 ), An estimator

‘Esn'mation ;
12.4.2 Biased Esﬁniator. An estimator T ofa populati?n‘ para
B ET) # 6 ‘
timator T of a population paraxflgtef 9 is biased, the amo
Bias = E(T) - @
it will tend to give estimates nearer to 6 and |

124.3 Bias. If an es

If T isan unbiased estimator,
estimator, it will tend to give estimates far from 6. 3
Example 12.2 A population consists of five numbers 2.4, 6, 8, Nand . ;
~ possible samples of size 2 which can be drawn with replacement from this
forming the sampling distributions, show that - . g
(@) The sample variance S* = X(X; = X)?/n is a biased estimator of the poF
7 variance o*. ‘ % 3

v

> (ii)~ The sample variance 52 = XX, = )?)2/(" -1) _is an unblasedesa’mmr

population variance o?,

Solution. Population: 2,4, 6,8, 10 Population size: N = 5 Sample size: n = 2

The mean and variance of the population are
x) 2 4 6 8 10 |Zx; =30
xj 4 16 36 64 100 | Zxj =220
X ' :
4 oL o SIS
N 5
3 x} 220
o / 2 S 2
o = - Ut = - (6 =
N I 3 (6) 8 ‘

Number of possible samples = N XN=5§x5= 25

All possible samples: 1%
(2,2) (2,4) (2,6) (2.8) (2,10) fg
(4.2) (4,4) (4,6) (4.8) (41008
(6,2) (6,4) (6,6) (6,8) (6,100
(8,2) (8,4) (8,6) (8,8) (8,10)
(10,2) (10,4) (10,6) (10,8) (10,10)
i = 2 v .
(U} All possible sample varlances: 2 o= 2:—(&'"—!‘)" = &‘J—‘—ﬁ)—' when n = 2
0 1 4 16
1 0 1
| 0
9 4 1
16 9 4
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) = fI3S 2 p(s?)
% 5/25 9
825 8/ 25
625 24/25
425 36/ 25
k. . - 2/ 25 5
zf= 25 et uzs

Ts2p(s?) = 100/25

= Zs? p(s) =1_;5“£-‘= 4

e ;
$ o2 = 8, therefore S? is a biased estimator of o7.

on of §° and its mean are

‘Number of occurrences Probability
p(§%) = fIZf

5/25
825

6/ 25

a 425
B 3 2/25
- VR 1

3 2 p(5%) = 200/25

ﬂi‘).ﬂ%ss

C.Mloﬂ §? is an unbiased estimator of a?.

Estimation

observations from two random samples.

125  BEST ESTIMATOR ; . P
Let X, X0 "0 Xa be  random sample of size n from the ¢

Among the class U of all unbiased estimators T = g(X,.X,.'".X.i

6, the estimator T* is said to be 2 best or minimum variance estimator if

of all unbiased estimators, none has smaller variance than T - -

125.1 mmmwuamemnnmumudvmui,,

random sample of size 7 from a population with unknown mean K and unknown

then the best estimators of 4 and o? are '
P o e § = xx, -0 .

n n-1

respectively.

Example 123  Obain the best unbiased esti of the population mean } and

from which the following sample is drawn:
n = 8 n. 120,

Solution. The best estimate of the population mean K is the sample mean

2
;=B'_=lﬁ=15
n 8

T(x - )P = 302

The best estimate of the population variance o? is the sample variance

)2 "
g o Zu-E 32 . a4
n-1 8-1

il
12.5.2 Best estimator of the population proportion. From a population which M’
proportion of successes T, we take & random sample of size n with X as the number of
successes in the sample, then the best estimator of & is .

P=—x—
n

Example 124 A random sample of SO children from a large school is chosen and the
who are left handed is noted. It is found that 6 are left handed. Obtain an
the proportion of children in the school who are left handed.
Solution. We have n =350 x= 6
%

6
rtion: a X a—m=012
Sample proporuon P = 30

126 POOLED ESTIMATORS '
FROM TWO SAMPLES _
Estimates of the population mean, variance, proportion, €fc., may be ob!

13 o




n+n

of 1, based on the first and the second sample,

. Varlance. Let X, X;, ***, X, and X,
samples of sizes n, and n, from a population with unknown
ator §2 of o is

: i Z,‘xn =X,
g, - 2
: ngbinedutimaton of 02, based on the first and the second sample,

(ny, = 1) 82 + (n, - 1) 5}

- 2
n‘+n2 y

WIGI of sizes 40 and SO, respectively, are taken from a population
and unknown variance G* .

,'51 = 40, Sfx = 807, Zfx = 16329
: n, =80 Xfx =97, Xfx = 19177
- two samples, obtain the best estimates of i and o*.
,.’pfnmd o? are

807 + 977
40 + 50

= 19.82

z )2
) - 47.775 + 8642 _ 1,525
40 + 50 - 2

Estimation
12.63 Pooled Estimator of Populatior
proportion of successes %, we take two ranc
the number of successes in the respective sam

anunﬁmNMMdmumdﬁ

respecti ively.
Example 126 A random sample of 600 people from a.
the results indicated that 30% used a particular product. In a
people, 96 used the product. Using the data from the two sa

proportion of people in the district who used the product.

Solution. The best estimate of the population proportion is

pa vk MRS
i d

n = p, = 030
n, = 300 ’1’96 = p,--ﬁ--
» -
Lo mptmP 600(030) + 300(032) _ gagy
i n + n 600 + 300 3

Exercise 121

1. (a)
b)
2. (a)

®)

Explain what is meant by statistical inference? ;
What is meant by estimation? Differentiate between estimator and estims
Specify the estimator and the estimate in each of the following:
() A sample of 35 students gave an average height of 62 L
(i) A sample of 50 households having television sets showed
them liked a particular programme. - )
(iii) - A sample of 25 bolts produced by a company showed
according to specifications. 0y
(iv) A sample of 30 houses showed an average co
65 units.

{ (i) Sample mean height X; ¥ = 62 inches. ‘
(ii) Sample proportion of households who liked particular program
(iif) Sample number of bolts according to specification X; x-

proportion of bolts according to specification P; p =
(iv) Sample mean consumption of electricity X, %=65

Suppose I choose lmdomumplcofmm_

the values 2, 5, 3. From these values I estimate the centre

the observnionnndukin(tbemlddbmm
estimate?

{ Sample median Xo5 = X((ue1y2)} %os = (n

5 fol

-11;- i



Estimation

s own ptobability distribution. )

le statistic as standard error of the statisti

‘ : { c.

Won ?f a sample statistic T from its target

: be considered an error. So the standard deviation
called the standard error of the sample statistic. }

of the numbers 3, 5, 7 and 9. Take all possibl

= o gy 1 possil esargplcsof
vm replacement population. By fo;

of X and S” show that : e

mean X = 2 X;/n is an unbiased estimator of the population

e variance 5> = Y (X, - X)?/n is a biased estimator of the
 variance 2.
) =6, B(X) = p, (i) 02 = 5, B(S?) = 2.5, E(§%) # o?)

samples of size 3 taken without replacement from the i

X : . : ; vithout | population
16. By forming the sampling distributions, show that both sample mean
an X ¢ are unbiased estimators.

ior mcfﬂle numbers l', 3, 5, 7 and 9. Consider 2ll possible
two which can be drawn with replacement form. this population. By
distributions of X, 5” and §” show that

ple variance 52 = Z(X,’-)?)z/n is a biased estimator of the
on variance G2. g
variance §° = 5.5 M X)2[(n-1) is an unbiased estimator of
lation variance 0. i,
Y= 5 BX) = 4 () o?=8 ES) =4 ES°) # o
=8, B5") = o)
sists of the numbers 2, 3, 4, 5, 6 and 8. Find the proportion P
population. By forming the sampling distribution of sample
ample proportion is an unbiased estimator of the population
Jati ; .
”,' - n(l-m)
G n

»

ess? Differentiate between an unbiased and a biased ‘

Mlemdommplesofsize n = 2 that can be drawn with .

where P and m are sample and populatio
{® =23, up =2/3,0% = 1I9.)
‘() A finite population consists of the numbm 4, 5
even numbers in all possible random samples
replacement from this population. By formifig ¢
proportions show that sample proportion is an un
proportion. Also verify the relation L
"m(l-n) ( N-n
n N~ TR

where P and 7 are sample and population proportions respecti
{(n =3[4, pp =34 0% =1/48) i

Var(P) =

12.7  INTERVAL ESTIMATION

Interval estimation is a procedure of constructing an interval from a
such that prior to sampling, it has a high specified probability of including ¢
value of a population parameter. : : !
1271 Need for Interval Estimation. Any point estimate has the limitation
provide information about the precision of the estimate i. e., about the magnitude
sampling. Often such information is essential for proper interpretation of the sample |

A point estimator, calculated from the sample data, provides a si ‘
estimate of the parameter. This single number lies in the fore front even though
accuracy in terms of the standard error is attached to it. A point estimator, \
may be, cannot be expected to be exactly equal to the population parameter.
assess simply by looking at just only one value ( point estimator ) how close
unknown true value of the parameter being estimated. A point estimate by
this information about its precision. A e

An alternative approach to estimation is to extend the concept of error
an interval of values that is likely to include the unknown true value of the
concept underlying estimation by confidence intervals. i !

1272 Interval Estimate. An interval estimate is an interval calculated
such that prior to sampling, it has a high specified probability ?f i
value of a population parameter. oA ;
Let X,, X5, **, X, be arandom sample from a population with

A confidence interval for 6 is an interval (L, U) computed from

K Xgy 10 X, such thatpﬁortosampﬁng,itincl}ldesthcanm
specified high probability. Let (1 - o ) be a specified high
functions of sample observations X, Xy, +++ X, suchthat _

= o

PL<B<U) =1-0
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a 100 (1 -0 )% confidence interval for the
— 0. ) is called the confidence coefficient or the ‘level of
pﬁababduy that the random interval (L, U) inclydes the
t © lies in the interval (L, U). The end points L and
al, are called the lower and upper confidence limits for the
functions of sample observations are random variables. The
nce interval measures the precision of the estimate. The shorter the
, precise the estimate will be. The precision can be increased by

ta error of the estimate ( i. e., increasing the sample size ).
confidence coefficient. ’

‘ , Coefficient. From the definition of a confidence interval, we know that,
the random sample, the probability is 1 — @ that the confidence interval we
e the population parameter 6. The particular confidence interval result will be
incorrect, and we do not know for certain which is the case.

Confidence Coefficient. We should like the confidence interval to be very precise
narrow ) and would like to be very confident that it includes 6. Unfortunately, for any
size, the confidence coefficient can only be increased by increasing the width of the
interval. The confidence interval widens rapidly as the confidence coefficient gets
The choice of 1 - a will vary from case to case, depending on how much risk of
, an incorrect interval can be taken. The numerical confidence coefficient ( e. g., 0.95)
as a percent (é. g., 95% ). Confidence coefficients of 90, 95, 98, and 99
are often used in practice.

~ FOR POPULATION MEAN, %
The interval (L, U) isa 100(1 — @ )% confidence interval for the population mean

; k PL<p<U) =1-a
This definition simply states that a confidence interval with confidence coefficient
is an interval estimate such that the probability is 1 — O that the calculated limits

p for any random sample. In other words, in many repeated random samples of size n
jon,» 100 (1 -0 )% of the interval estimates will include p and therefore will be

o % of the interval estimates will not include p and therefore will be incorrect. The
m used in constructing a confidence interval for y depends upon whether or not
ation is normal, whether the population variance @2 is known or unknown, and whether
size n is large or small. We discuss these different cases below.

al Population, o2 known. Suppo
n from a normal population with unknown mean
ruct a confidence interval which is likely to include the true unkno®
u with a degree of confidence 1 — o. We know that the samplin

se that a random sample X, X5, * " X vof

and known variance 2. We
known value of the
g distribution

* : Estimation

_given by
- g > I A
x—z,-qu—“ <K< l*zn-qn"]"' "
n n
Thi i X — .
is can be written Xt z_qn \/—
3 -

=

of X will be normal with mean A and variance o2/ n. Cont

statistic
X-4
Z =
ofin
will be normal with mean 0 and variance 1. Then a two-sided 100 ( 1 -
interval for population mean A is given by 2

X-z g <c X RE g i
i < < K

If ¥ is the mean of an observed random sample of size n taken from a normal pop i f

d known variance o2, thena 100 (1 - @)% confidence interval fo

unknown mean M an

Note that, often the word central is omitted when considering confidence intervals, but
assumed that a two-sided interval that is central, or symmetric about the mean is required..

12.8.2 Interpretation of a Confidence Interval. A 100 (1 - )% confidence m
W is
= o

X -2 < U< X =
i o
n n ’
If we identify .
v g
L =X-z — d =X g
-a/2 J_ an U = X+z|_,/1
n
‘ Jn

the probability statement implies that prior, to sampling, the random interval (L , U) 'Wlll'
the parameter i with a probability 1 — o Thatis )

PX—ZI—G/Z_G—<#<Y+Z d] 1
I-a}z‘/— . -
Jn g =

It is to be emphasized that in this expression, 4 is constant and it is the end points
random variables. To better understand the meaning of a confidence Mm
repeated samplings from a normal distribution with mean g and standard d ation ¢

100 (1 - )% confidence interval ¥  z,_g/, Ofy[n is computed from each
approximately 100(1 - a )% of the intervals derived would contain the true
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i T R T
%a2 Zia2

Fig. 12.2 Two-sided confidence
interval for pu

epeated forming confidence
tervals for
12.1 shows what would t).'picauy happen if a number of samples were drawn
Won and a confidence interval for p were computed for each sample. The
M il indicated by a vertical line in the figure. Different confidence intervals
m different random samples, are shown as horizontal line segments. Most of the
in Ill would contain u, but some of them would not contain p. If a 95%
Wll were calculated for each sample then in the long-run, 95% of the confidence
‘were formed would contain . That is not surprising, because the specified
35 represents the long-run relative frequency of these intervals crossing the vertical

2 upi’esents that, before the sample is taken, the probability is 1 - o that
f»-ﬂ)/(d‘/,/;) will fall in the shaded interval. The interval estimate
will be correct ( i. e., will include ) if (X - p)/(a/ﬁ) does fall in

1In effect, the risk 0. of an incorrect confidence interval is divided equally in
standard normal distribution.

hen estimating parameters with confidence intervals:

y the population of interest, and state the conditions required for the validity of the
lure being used to construct the confidence interval.

procedure ( formula ) that will be used
¢ the confidence interval
the results. A

WA ﬁdnnal.populqtion has a variance of 100. A random sample of size 16
¢ population has a mean of 52.5. Construct the 90% confidence interval

on mean, . Interpret the result.
mean of sample and the variance of normal population are

F =525 o2=100 = o=10

to Follow When Forming a Confidence Interval. We will follow the following g

Estimation

I-a=0.90 5

Confidence coefficient: R
j-a =09 = a=0I0 = of2 =005 =
g2 = %085 T 1.645 ’ (From'l‘ablew.@s 43
The two-sided 90% confidence interval for g is .
L) ¥
o (2

E—zl_qz—‘/‘;‘<l‘<i*zl-ul27,"" P4

10 0 10 =

52.5 - (1.645) < p < 525 + (1.645) e SEUNNN
. J16 : 315 o
484 < p < 566 : g b

A two-sided 90% confidence interval for 4 obtained from the observed s

We are 90% confident that the interval estimate contains . ; g,
Example 12.8 Unoccupied seats on flights cause the airlines to lose rwmui.

airline obtained the 90% confidence interval for the average number of
flight, on the basis of the records of its randomly selected 225 flights over

1115 to 12.05. Find the value of X, the mean of the sample and © the sta
the normal population from which the sample was drawn. Estimate the average n

unoccupied seats per flight over the past year with 99% confidence coefficient,

%9y

Solution. Sample size ~n- = 225 i e
Confidence coefficient: 1 = & = 0.90 3

|-a =090 = o =010 =" cf28= 05N 1-0f2
s = 1645 { From Table 10 (3) )

Zi_a/2 = 2098

The two-sided 100( 1 = @)% confidence interval for g is

i—zl_m—-oﬁ— <p< i+z,_,,27?=:.-

The lower and upper limits of 90% confidence interval for p are 11.15 and 12.05.

_ o ” o 15
X - g \/T =_-ll.lS = x—(l.&S)T-w = H..ITS"

- o - g i‘.
X +Zl—ﬂ/2—\/__’_‘_ = 1205 = X+(1.645)7§' 1

Adding (i) and (i), weget : :
2% = 2320 = X = 1'1.6

Putting the value of X in (i), we get

* .
645 ) —pomee = 1208 S
116 + (1 )Trm
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= @2 =005 = l-a/2 =099
{ From Table 10 (4) } -

'.’R:nis

o 5

— < U ST+ LR

o e

41

r_' < u <116
6 + (2.57)

. 109 < g < 123

: o known/unkno
e n & e wo, n ~|ll'=¢- Suppose that a random sample
ol ¢ fﬂ:nn‘mi a!aop}llanon with mean 4 and variance o2. We
oo m' : m‘lof ch is :lkcly to trap the true unknown value of the
'l: d degree mmﬁm~ — a. If the population is not normal, and if
T Iﬂno. wa, aeoon‘hn. g to the Central Limit Theorem the sampling
e m e nomal. with mean x4 and variance o2/n (when o? is
‘when A=, unknown) if the sample size is sufficiently large, say, n > 30
distribution of the statistic s
Ry X -y
o/yn ~ $/n
ely normal with mean 0 and variance 1.
: \ ce 1. Then a two sided 100 -
ite confidence interval for population mean  is given by ¥ ol
— .o =
s — <p< X "'11-qu
- : TS
n bh - . o - 0 = .
i) the more xe_ahst}c m@on for which the population variance ¢2- is unknown.
, hl‘gg. replacing o with 1fs best unbiased estimator S does not appreciably
nwma-)ﬁ statement. When n is Jarge and population variance ¢ is unknown, a
¢ approximate . confidence interval for population mean /4 is given by

X -z =8 X: 2
1-o/2 F <pu<X+ zl_m_ﬁ
is ﬂm mean and standaxﬂ deviation of an observed random sample of size n
am)‘ﬁ a popul.auon with unkggwn mean g and unknown but finite variance c?,
: approximate confidence interval for 4 is given by

~

S ~

Tz =t = 5
1-a/2 ST H 7 gy ——

e [" 1-af2 r—n

.

Estimation

. S B
This can be written . TEy-ap2 77— ; :
12.8.5 Sampling Without Replacement. When samp.tlins is done with
dard error of X is given by

finite population of size N, the stan
o

N-n
o = T\ N-1 .
er than 5% of the populationsizeN(i..c.,n > OMM
is given by K
ifiz,_dz o N—n'.‘ o , ,'
: J',T N-1 :

If the sample size n is great
100(1 - )% confidence interval for Y

pulation variance o2 is unknown, a. 100(1 - @

_ However, when 7 is large and po o
approximate confidence interval for population mean u is given by i
Ttz S N-n
Q-2 o | N-1 -

aken from a population with unknown

ved random sample of size n t 1
afidence interval for 4 is given by ¥
e

,thena 100(1 - )% col
—

1~o/2" T oy it
If ¥ and § is the mean and standard deviation of an observed random sample of size
sufficiently large from a population with unknown mean u and unknown but finite variance 0%,
thena 100 (1 — )% approximate confidence interval for g is given by u

- 3k 1 s i

=02 - A

— 1) may be ignored when the sample size n it .

If ¥ is the mean of an obse
mean 4 and known variance o?

R
*

=

The finite population correction (N — n)/(N
less than 5% of the population size N(i.e., n < 005N). .
Example 129 A particular component in @ transistor circuit has a lifetime which is known

d iple of 250 components from a week's production give

follow a skew distribution. A 1
an average lifetime of 840 hours, and the variance of lifetimes is 483 (ham’ )

approximately 95% confidence limits to the true mean lifetime in the whole population.

product. !
Solution. The size, mean and variance of the sample are

n = 250, X =840, s2.- 483 = § =483 = 2198 "

Confidence coefficient : 1 -0 =08 =1y
1-a =095 = &= 005 = of2 = 0025 = 1-0f2 =0

= 1.960 { 1From Table 10 (b) }

Zj_gj2 = 20975

el
=




' = 00i5 =
217 { Fom Tasie 10 (@)}
ORiigence interyz] for Ais

[ N-n

N-1
1000 - 200
e

3 1000 -1

' auds, = 6842 < u < 6373

;l;aed a simple rm sample of 100 accounts from the

e ight company to estimate the total audit amouny of the

€ A?k mean s X = 33.19 and the sample standard deviation

cent confidence interval for the mean audis amount in the
and stane,

> 4 33, j¥iation of the sample and the population size are

"G-o,'=34'48' N = 8042

1

"‘=o @2 = 00228 = 1-0/2 = 09772
“wm Table 10 (a) )

erval for the mean audit amount M is

1286 Normal Population, ¢° unknows,
©**. X, of size n is drawn from 2 normal
vatiance G2. We wish (0 constrict 2 confidence it
unknown value of population mezn g with 2 con
business must be made on the basis of very limited info :
poprlation is normal, the sampling distribution of the statistic

isz r-distribution with v = n — 1 degrees of freedom. Thes,
normal znd population variance is nnknown, 2 two-sided 100(1 - @)%

population mean Y is given by

If ¥ znd ? is the mean znd stzndzrd deviation of an observed random sa
2z normal population with unknown mean 4 znd unknown but fimite

100 (1 - a )% interval for y is given by
4
, = 7 By 5 5
X -1, o2 J— SHE<X¥h.; o5
n n
h d 2 5
his can be written TEl,.

5
For large degrees of freedom ( e.g., beyond the range of Table 12 )ﬁ t
approximated by a standard normal distribution. : ;
Example 12.12 Ten packets of a particular brand of biscuits are chosen a
mass measured in grams. The results are T
n = 10, “ Ex = WRT Y=
Assuming that. the sample is taken from a normal population with mean mass i
98% confidence interval for pL. X :
Solution. The mean and standard deviation of the sample are

]

% = 2 . 20l S
n g 3
5 T2 -nx> _ [1583098.3 - 10(397.87)2
n-1 10 -1

Confidence coefficient: 1 = & = 0.98
-0 =098 = =002 = ¢

z

5 -



10 l,l =9
( From Table 12)

5 .—3%3« < 39787 + (2821) 22

Jio

395.004 < u < 400.736

Exercise 12.2

mepnt by estimation ? Distinguish between point estimate and interval estimate.

is an interval estimate more useful ? r

ish between the following

$) - Estimator and estimate,

(i) Point and interval estimation..

) Explain what is meant by

L 3 (i)~ Confidence interval,

L ‘z i (i)  Confidence limits,

e (ii) Confidence coefficient.

(). When would a confidence interval be preferred over point estimation for a parameter

- ( When the reliability of a point estimator is needed, the confidence interval conveniently

the estimator along with its measure of variation. Reliability is reported through

the confidence coefficient and the variation is reflected in the length of the interval. )

' Finda 90% confidence interval for the mean of a normal distribution with o = 3,
given the sample as 2.3, -0.2, - 0.4, -09.

 (-2268 < u < 2.668)

() The standard deviation of the amounts poured into bottles by an automatic filling

~ machineis 1.8 ml (millilitre ). The amounts of fill in a random sample of bottles, in
ml, were 481, 479, 482, 480, 477, 478, 481 and 482. Suppose the population of
amounts of fill is normal. Construct a 90% confidence interval for the mean amount in
all bottles filled by the machine.

(47895 < p < 481.05)

A random sample of size 36 is taken from a norma
o? = 25. If the mean of the, gample is 42.6, find 9

| population with a known variance
50 confidence limits for the

ation mean.
(40967 < p < 44.233)
A school wishes to estimate the average weight of students in the sixth
sample of n = 25 is selected and the sample mean iy found to be ¥

ixth grade. A random
= 100 [bs. The

. Estimation

5. (a)

(®)

6. (a)

. from X ~ N(H, d?) is 12.18 < p < 20.56, find X.

©®)

(®)

(c)

(d)

®)

standard deviation of the population is known to be 15 lbs.

interval for the population mean. L .
(95.065 < H < 104.935) . e i
Suppose that the weights of 100 male students 9f a umverslty
sample of weights of 1546 students of the university. Find ‘
for the mean weight of the students, given ¥ = 6745 and § = 2.93.
(6668 < H < 68.22)

150 bags of flour of a particu
748 g with standard deviation 3.6 g. Find
mass of bags of flour of this brand. - 2
(747316 < p < 748.684 ) 2 .

If the two-sided 100 (1 — a){% con

lar brand are weighed and the mean mass is .
98% confidence intervals for th

fidence interval based on random sample taken oy 5

(X = 1637)
On the basis of the results obtained from a random sample of 100 men from a !
area, the 95% confidence interval for the mean height of the male population of the area
was found to be (177.22 cm. to 179.18 ¢m). Find the value of ¥, the mean of the sample
and o, the standard deviation of the normal population from which the sample was
drawn. Find 98% confidence interval for the mean height. 4 ~
(x = 1782, o =5 17704 < p < 179.36) =
Explain what is meant by the statement, ‘we are 100 (1 — @)% confident that our
interval estimate contains p."
{ In repeated sampling, 100 (1 - o )% of all such confidence intervals contain . )
Explain what is meant by the statement, “we are 95% confident that our interval
contains pM". ; ]
(In repeated sampling, 95% of all such confidence intervals contain 4. )
Ifan 85% confidence intervalis 27.5 < g < 43.8, what does this statement mean ?
(Intervals so formed would contain x4 85% of the time. ) .
If o = 0.10, how many intervals would be expected to contain u ?
( We would expect about 90% of the intervals to contain i and 10% to
miss /4 in the long-run in repeated sampling.) -
What role does the sample mean play in a two-sided confidence interval for 4, based on
a random sample from X ~ N (y, 02)? -
( The sample mean is the midpoint of the confidence interval but has no effect on
length of the interval.) J
When setting a two-sided 100 (1 - @)% confidence interval for g, based on
random sample of size n from a normal population, how the following changes will
affect the length of the confidence interval for —ju: (Assume all other quan
remain fixed.) :

() increasing n (if) increasing (1 = @)
(ifi)  decreasing n (iv) decrensing (1 = @)
(v)  increasing § (vi) increasing ¥
(vil) increasing o (viii) decreasing §

( decreased, increased, increased, decreased, increased, no effect, decreased,
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t assumptions are made about the population where the

- containers of a commercial soap are : 10.2, 9.7, 10:1, 103,
103 and 9.8 litres. Find 999% confidence interval for the mean
such containers, assuming an approximate normal distrioution.
3) 4

in grams, of thirteen ball bearings taken at random from a batch are 21.4,
), 919803 4 215, 250, 095889690 26.4, 25.8,23.2, 21.9. Calculate a
ence interval for the mean mass of the population, supposed normal, from
masses were drawn. i §
< 254 ) -

om snmp}e of seven independent 'obs.ervations of a normal variable gave
359, Y x? = 186.19. Calculatea 90% confidence interval for the population

70 < 1 < 5.56)

ndom sample of eight observations of a normal variable gave X x = 261.2;
—x)* = 3.22. Calculate a 95% confidence interval for the population mean.
e <3322 ) :

e of 12 measurements of the breaking strength of cotton threads gave a mean

= 209 grams and a standard deviation § = 35 grams. Find 95% and 99%

fidence limits for the actual mean breaking strength. .

76 < u < 231.24; 17762 < p < 240.38) -
ym sample of 16 values from a normal population showed a mean of 41.5

and 2 sum of squares of deviations from this mean equal to 135 (inches)*. Show
)5% confidence Jimits for this mean are 39.9 and 43.1 inches.

9% confidence interval for the mean of normal distribution with ¢ = 2.5 and
ple of size 7 gave the values 9, 16, 10, 14, 8, 13, 14. What would be the

fidence interval if o were unknown.
6 < p < 14434; 7797 < i < 16203 when o isunknown.) -

L 4

:NCE INTERVAL FOR POPULATION
JON OF SUCCESSES, © - °

interval (CE% U) isa 100 (1 - o )% confidence interval for the population
successes 7 if prior to sampling : <
BE T -r<U) =1-¢
ply states that a confidence interval with confidence coefficient 1 — o isan
uch that the probability is 1 — o that the calculated limits include 7 for any

words, in many repeated random samples of size n from a Bernoulli
a)% of the interval estimates will include the true population proportion

Estimation

t and 100 o % of the interval estimates

of successes T and therefore will be correc!

include © and therefore will be incorrect:

: : o SR ,
In many problems W€ must_estimate the pop;:lauor:n ;re(:li;ac;xs-n::on ingp_e:cu o
j fecti 4 in shipment.of raw | . In tf

4 roportion of defectives foun 1 ' spe on
e),(‘fmgeg'e?;\sp [opbe reasonal ampling from .a Bernoul!n p:)frul; i xheueg/n -
case it se timate its paramete al is based‘on the estima = A e
s e j ampling distribution of P is a binomial

3 ; at the S !
racti successes: We know that th : o
g i ial distribution of the estimator P can be approxxmated by the n

 «tribution. The binom v il
distribution « and a standard deviation of op = YU n)/n , when

distribution With a mean of Up = o -
g 0or 1l Consequently the distiibution of the statistic

Bk

'Z=/
JP-P)n

variance 1.Thena two-sided confidence interval

n islarge and T i not too near

will be approximately normal with mean 0 arrld
for population proportion of successes T is given by

: P(1-P)
Pk > f_,__._
P - 2_q2 - <m<P+z_ap2 >

i . i na
If p = x/nisthe proportion of successes in an observed random sample of size thei

100(1 - a)% confidence interval for T is given by

=P
p(1-P) p(
P~ %-qf2 = <m<pti-g2 n

p(1—p)

This can be written ;.

12.9.1 Sampling Without Replacement. When sampling is done without replacement from a
finite population of size N, the standard error of P is given by

: e n(l-T) N-n
7 n N-1
A P(1-P) N-n
§. = |———— Al

s n N-1

If the sample size 7 is greater than 59 of the population size N (. e,
100 (1 - )% confidence interval for T is given

.. [P [
1-ef2 n N-1- )

- n)/(N-1) may be ignored when the sample size 7 is

which is estimated as

n > 005N ) th;n a

The finite population correction (N :
less than 5% of the population size N(i.e,n < 0.05 N).




2 = 098
= 2054 { From Table 10(a) )
interval for x is

!l'g) [ 1= p
< R < 2 = 4 I
n ’.""\ -

J‘ —.————ﬁ(;f'“’<:<oos.:ru\w"'

0055 < x < 0108

that rate of unemployment is berween ¢ €%

U true statement 96% of the tme
_v-‘ﬂﬁ“mhmww of a city and the -
the feasibility of a proposal 1o construct a civic cemsre If 2400/ 0
ind almost certain limits for the true fraction fovouring the 7

-
4

le size, number of successes and propornoe of succsies

x 24
B 200, p e s e — pr
n S000

t 1l-a = 09% ( almost certain is 99.9
=099 = a = 0001 = a/2 = 00005 =
= Zggees = 3.291 { From Table 10 (®) )

ﬁ,_ﬂeuﬂdmuinmdfuxu

d 1- pl p
B B <<y, P
n \ n
' "0.4!(!-0.48 [048(1 - 0.48)
. y.
R
. 0457 < x < 0503

ﬁum fraction favouring the proposal to construct the civic centre

Solution. The sample size, number
',hgpwuxmuult

Confidence coefficrent

)

n.,‘V)_ll‘O.

of 250 from the
students. Give an
lef-handed sudenis in the college.

of successes and proportion of

, s X o= SERN 00
" 250 R
¢
|n-0°.‘

a =098 =» a= 008 = /2 = 0025 = l-d'It
. = 1960 { From Table 10®)

confidence mterval for ® in the fingte population &

dod V3% gl
1= p) N=n
* iy - | .
e p—
312(1 - 0.12) __m-m
e Yy So00-1
) N 0081 < x < 0 i
Exercise 123
X tery chosen ot random from all voters in & given i
. i dem were in favour of 8 M Candlate g
" fidence ity .’u“mﬂd‘““.—. ,
¥ 647 1422 <= < 0678 )
s of 0  houses In & Certain m.nuuﬂ ‘
o Find 98% confidence interval for the proportion of houses
{» 24 heads were obtaped Find (0 9. and “‘
f¢ the proportion of heads which would be obtained in a8
& 2 ) 0368 < x < 0802) -
A rand ¢ 200 voters in 8 comstiuency included 110 who sald ‘woul

e for Mr. A. Assuming all the 15000 voters in the constituency would vote, & a
vimate 9% comfidence interval for the w\wm-ﬂ_% . »

4815 R < 6185)

\ random sample of 300 pineapples was taken from a lage consignment sad » wi
found 1o be bad. Show that the percentage of bad pincapples in the
certainly lies between 8.05 and 1793 «B
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has an lppmximulcly standard normal distribution, Because n, and n, are both large, the
nppmxlmnt;on remains valid of if o} and o} are replaced by their sample variances S and

S‘;.The assumption of equal variance is not required in inferences derived from large samples
We' can modify the previous result to obtain a confidence interval by substituting the
sample variances §|2 for a} and 5"; for o} as long as both samples are large enough
(n > 30, ny > 30 ) for the Central Limit Theorem (0 be invoked., Hence the distnbution of
random variable )_('l - 5(—2 approaches a normal distribution with mean £, M, and variance
§|:/"| * §22/"1-

Then the distribution of random variable

n n,

approaches the standard normal distribution. Then a (wo sided 100 (1 o )% appre
confidence interval for difference between means of the two populations 4 = Hy 18 BIV¢ by

(X, - X3) t 2. w2

are the variances of the two independent obset ved

If X, and X, are the means and § ¢
random samples, then a 10(1 - a)% approximate confidence interval for i, u
given by

e
(¥ - %) £ 4-a2

\ nlr " ny

Example 12.17 Rural and urban students are [0 be compared on the basis of their scores on a
nation wide musical cpumdz test. Two random samples of sizes 90 and 100 are seiec ted from
rural and urban seventh class students. The su

Size

ymmary stansncs _Y‘R‘N: the test scores are

Standard deviaton |

| Rurak:1
Urban: I

g
1
[l
W
1
oo
()
o
U
J
(=}

Esigblish @ 8% confidence interval for the difference in population mean scores berween urban
and rural studens.

Estimation

Solution.

The two

Confidence ¢ oefficient

o2 = 00 = 1 - a2 = 099

{ From Table 10 () )

098 =

- 2326

0.99

ided 98% .,;»Ivm-.m“nv:r-lm jence interval for py = Hy 18

(7.6) (8.2)
6.4 ).326
Y 100 90
| 5 > 2.1 < My Hy < T3
{e. with 98% confidenc e, that the mean of urban scores 1§ at least 2.1 units higher

has 7.5 units higher than the mean of rural scores

12.11.3 Independent Samples: Normal populations, same unknown variance, small samples.

Thus the

nd n, are small and o? and o? are unknown, the formula for constructing a
interval that we have been discussing cannot be used. However, for independent
1 two normal populations having the same unknown variance o?, we can develop @
| for f 1, as follows
X re respectively, the means of two independent random samples taken
ich NCu.. o) and N(H o), then X, ~ ‘NCH;. o*/n ) and
wnd that X, is indepen jentof X,
ince linear combination of indepe ndent normal random variables 15 also normally
then X, X normally distributed with mean
T
o ¢ ¢l
) t o?| } [
r \n n 1

random variable

has a standard n yrmal  distrib: T e §3 o2 o
tand C distribution. Thus, if S, and S, are the two sample variances

( both esumatng the variance 0> common to both populations ), the pooled (weighted arithmetic

mean ) estimator of o2, denoted by $2 is

p
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s = (ny —1)§7 + (n, ~1)§2

X~ %
o +n ~2 ] L x1)2+Z(X,2~

nl+n2-2

X,)?

ZXF -nm X7) + (ZX} - n, X2)
E > nm+tn, -2
Then the random variable

) - gy
St

has a r-distribution with vy

100 ( 1
(X,-X,) + o/ sp‘/It
n, n,

If X, and X, are the means of the two observed random sam

of the common ‘standard deviation of
confidence interval for H - u

ples and s, is the pooled estimate

m o the two normal populations, then a 100 ( ]
» Is given by

= = 1 1
(x-x,) + Lii-oj2 S, L
n] ’l2

It should be noted that this is used under the conditions when the sample sizes are small

(ie, n, <30 and n, < 30). When both n; and n, are greater than 30,
to use

- )%

it is legitimate

as a good approximation.

Example 12.18 Suppose you want to estimate the difference in annual operation costs for
automobiles with rotary engines and those with standard engines. You find 8 owners of cars
with rotary engines and 12 owners with standard engines, who have purchased their cars within
the last two years and are willing to participate in the experiment. Each of the 20 owners keeps
accurate records of the amount spent on operating his or her car ( including gasoline, oil,
repairs, eic. ) fora 12 month period. All costs are recorded on a per 1000 mile basis to adjust
Jor differences in mileage driven during the 12 month period. The results are summarized below:

ISample ’ ; Size Mean Standard deviation J
Rotary: 1 n =8 x, = 56.96 § = 4.85

Standard: 11 n, =12 . x, = 5273 5, = 6.35,

Estimation

cars with rotary and standard engines. Use a 90% confidence level.
Solution. The pooled estimate of population common standard deviation is

(n, ~1)5% + (n, —1)53 . ‘o
o+ 0y —2

= 5813

_ | (8-1)(485)% + (12 - 1)(6.35)?
5 8+12-2

Confidence coefficient: 1 — o« = 0.90

- =090 = =010 = o2 =005 =N OEER.

Degrees of freedom: Vv=m+n-2=8+12-2=18
fyii-qz2 = hges = 1734 (FromTable 12)

The two-sided 90% confidence interval for 2, — g, is

e e 1
(x; =) £ s s e
1 2 vil-a/2 °p n n,

1
56.96 — 52.73) £ 1.734(5.813 —_——
( ) ( ) )

(-037,883) = -037 < )0l W<tEss

Example 12,19 Given two random samples from two independent normal pop

Sample Size Mean Sum of squares
I n, =11 5 =7 Z(x-&) =321
it ‘=14 X =60 ZB(x,=5)=36500

with

Find a 99% confidence interval for (11, — W, ). Assume that population variances are equal.

Solution. The pooled estimate of population common standard deviation is

E(X” il ;| )2 * Z(X,»z 2 21 )2
hel s n +n, =2

Confidence coefficient: 1 - a = 099

l-a =099 = a =00 = a2
vV = n]+n2—2=11+14—2=23
( From Table 12)

Degrees of freedom :

lyi-a/2 = f23;095 = 2.807

= 372.1 + 365.17 = 566
11 +14 -2

0005 = 1-0f2 = 0995

S Cansi

.-_-‘.'
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(75 - ) £ 2907 (566) ’_..1'7

L
(86, 214) = 86<p-p <24

Amh-‘aﬂaum‘un 10 students by the conventional class
second group of 12 students was given the some course by means of
At the end of the semester, the same examination was given 1o each
are given below
70 66 76 71 73 72 68 74
7" 71 8 92 BS 82 84 B0 %6 91 8
90% confidence interval for the difference between the aierage 10

ly normal with equal v

y MMMW of population common st
72 68 7% 75
$ 92 85 2 M 0 86 9 9
D 4356 5776 5929 5329 S184 4624 476 625 4761
{5929 6889 8464 7225 6724 7056 6400 7396 52381 8649 6400 709 L

Iy ™
I,—nl o 72

. an 1020
% ny 12 85

i {l}:a’ —m %) + (Exf -n i)

n+n -2

10 +12 = 2
Wcmqﬂlclm 1-a = 090
. l-a=09 = aa=010 =

‘.._mwmdom. VEmn+n-2=10+12-

byit-o/2 = ho005 = 1.725* ( From Table 12)

" Thetwo-sided 90% confidence interval for 4 - 1, is

’l 1
(x,-il)t‘;l—cll .I” -"‘—-4':

J(smo 10(72)? + (86982 - 12(85)° )

af/2 = 005
2 =2

Estimation

1 1
(85 - 72) £ 1.725(448) —)6-*-1-2-

13 £ 331 > 969 < py -y < 1631 U
ol

Exercise 124

(a) A test in statistics was givea 10 50 girls and 75 mm.ﬁh-ﬁ-
an
of ’)&.!hi)Md‘!d(kMMDfﬂ'lhdﬂhW“ average
2 standard deviation of 8 Find a 96% W“h.“
where U, is the mean score of all boys and }l, is the mean score of all girls

take this test

342 < U u, < 858)

hat the hourly outputs in the two departments are different. Two
ction hours are respectively selected and the following data are

Department 1 Department 2
64 49
100 9%
1oy outputs for the two departments are known o be Of - 256
cly. What is the point estimate for the true difference between
tepartments ? Find the 95 percent confidence limits for the

n My 15544 )

ples of 100 mechanists and 100 carpenters are taken 10 estimate
he weekly wages of the two categories of workers. The relevant

Sampls mean wages  Population variance
145 196
340 204
ind the 99% confidence limits for the true difference between the

) himsts and carpenters

M, < 892 0152 < u, - u, < 10.152)
ncorporated Mill's packing machinery is known to pour dry cereal into
size boxes with a standard deviation of 0.6 ounce. Two samples taken on two

machines yields the following information
Machine | Machine 1l
n, =15 n, = 21

¥, = 18.7 ounces X, = 21.9 ounces

ompany consists of two departments producing ““. 2
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I packages a content that is N

¢ that s N (1, , 0.36 ), (Hy, 036 ) and machine II

construct a 95% confidence interval estimate

.z’—'“l G 3.6)

standard deviatio

~ confidence limits for the difference between th

b € mean lifetime of the populations of
e 71825 < p; - p, < 222.195; 170,856 < K,
)) Let two i
e .b“t_i:sde%ex(x;l‘ent ;n)doar:dsa.;q(ﬂes. eac;h'of size 100, from independent normal
1» O} Hy, 05) yield X, = 4 §2 = X.

dl:m— ‘ 3 1 .8, §¢ = 8.64, =
‘.rz = 7.Finda 95% confidence interval for (K, - 1) I s
(0025 < p, - By < 1575) i
anotii: t: la;mtain the age distribution of o
ples of 1720 males and 1230 females are drawn. The sample means and standard

deviations were 33.93 years and 14
: ) .20 years for the males and 27.44
years for the females. Calculate the 95 percent confidence interval for " g

()  the mean age of all male operatives,
(f‘,) the mean age of all female operatives,
" 3(;’)9 <ﬂle difference between their mean ages.
: H,<34.601; 26.837 <y, <28.043; 5.588 <My - H,< 7.392)
g means m:g;{hfia;ﬁiyﬁc;ic: gl::;l):ccs of the workers employed in
Sample Size Mean Variance
I.-'actary A 160 12.80 64
Fatt_m:y B 220 11.25 49
(5) What is the maximum likelihood estimate of the difference in mean incomes?

(@) Cm the 95 percent confidence interval estimate for the real differences in
. the incomes of the workers from the two factories.

{® 155, () 0003 < p, - p, <3.097)

‘Let two independent random samples, each of size 100, from two independent normal
m N(p,, 0%) and N(p,, 03) yield* = 48, 57 = 864, 7 = 56,
#; = 782 Findz 95% confidence interval for (4; = f1,).
(-16< p, -p, <0)

- i, < 229.144)

peratives in a certain industry, random

%, ,z(*‘ii -5y =
16, =%y =

Estimation

and assuming that the two samples were randomly seleeted fron

in which 02 = o} (but unknown), calculate an 80% c

difference between the two population means. y

(84 < Hy-H,y < 21.6)

Two random samples of size n; = 9 and n, = .16 from two indepe 1

having normal distributions provide the means and standard deviations; b

%, = 59, § =6 and §, = 5.Finda95% confidence interval for jt, — i, &

o, = g,.
(037 < py - 4y <963)

A course in mathematics is taught to 12 students by the conventional class-

method. A second group of 10 students was given the same course by means Ot
programmed materials. At the end of the course, the same examination was given fo eac

group. The 12 students meeting in the class room made an average grade of 85

standard deviation of 4, while the 10 students using programmed materials made an
average of 81 with a standard deviation of 5. Find a 90% confidence interval for the -
difference between the population means, assuming the populations to be m

normally distributed with equal variance. e i

(0.693 < py = Hy < 7.307)

CONFIDENCE INTERVAL FOR DIFFERENCE
BETWEEN TWO POPULATION PROPORTIONS, =, — %,

We now tumn fo statistical inferences conceming a comparison between the rates of
incidence of a characteristic into populations. Comparing infant mortality in two groups, the
unemployment rates in rufal and urban populations, and the proportion of defective items.
produced by two competing manufacturing processes are the examples of this type. The unknown
proportion of elements possessing the particular characteristic in population 1 and in popum o~
1 are denoted by m, and 7, , respectively. Our aim is to construct confidence intervals for the. Y '

parameter T, — 7.

A random sample of size n, is taken from population I and the number of successes is denoted |
by X,.An independent random sample of size n, is taken from population II and the nw
of successes is denoted by X, . The sample proportions of successes are |

X
P, = i
%
An intuitively appealing estimator for n, — 7, is the difference between the sample
P, - P,. When constructing the confidence intervals for =, - 7, W& will use th
distribution of P, P,. ;
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