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(vi)  Poin! estimators may be more useful than interval estimators -

because probability  statements are attached to point

cstimates, (false)
(vii} The point estimation provides two values with a probability

stalement for estimating the unknown true value of a

population parameter, (false)
(viir) A confidence interval is a type of statistical inference. {triee)
(ix) A point estimate provides information about the precision of

the estimate, (false)

4, Mark off the following statements as_true or false.

(i} We cannot control the precision of an interval estimate by the

choice of sample size or level of confidence. (false)
(if) The width of a confidence interval increases if the

confidence coefficient is decreased. (faise)
(i)  The width of a confidence interval decreases if the

confidence coefficient is decreased. (true)
(v} The width of a confidence imerval can be decreased by

decreasing the confidence coefficient. (tree)
() The precision of an interval estimate can be increased by

decreasing the sample size, (false)
(vi)  The precision of an interval estimate can be increased either

by increasing the sample size or by decreasing the confidence

coefficient. : : (true)
(vii) @ is the probability that the interval estimator includes the 3

unknown true value of the population parameter. (false)
(viti) The statistic T can be used in making confidence interval

for t when population is non-normal. (false)

HYPOTHESIS
-« TESTING

131 THE ELEMENTS Or A TEST OF HYPOTHESIS

We are often concerned with testing or drawing a conclusion about the po ulation

£ g pop
parameter 6 based on a simple random sample data. In this chapter we present formal structures
for making inferences about population parameters such as [, m o?, et

,» we will begin by
introducing a rest of hypothesis.

13.1.1 ¥ Statistical Hypothesis. {:: statistical hypothesis is an assertion or conjecture about the
distribution of one or more randon variables) It is an assertion about the namre of a population.
This assertion may or may not be true, Its v idity is tested on the basis of an observed random
sample. Hypotheses are usually phrased quantitatively in terms of population parameters. The

following are some examples of hypotheses. '
(i i =25 ( A population mean equals 25) :
@ u < 40 ( A population mean is less than 40 )
(i) p = 20 ( A population mean is greater than or equal to 20 )
vy m = 04 ( A population proportion equals 0.4 )
1312 _Hypothesis Testing.. The staristical hypothesis testing is a procedure to determine

Whether or not an assumption about some parameter of a ‘population is supported by the
information obtained from the observed random sample,

13.13  Specification of the Form of Population Distribution. The experimenter, or
researcher, must make an assumption about the nature of the underlying distribution of the
Population. Ts the random variable normal or binomial. Or does. it follow any other form of the
distribution, It is, therefore, necessary to identify the thearetical probability distribution of the
adom variable under consideration because the decision about the hypothesis is made on the
basis of probability of aceurrence, '

We will find that there are certain elements common to all tests of hypotheses. These
tlements are introduced and discussed below:

§ B4 Nun Hypothesis. A null hypothesis, denoted by Hy, is that hypothesis which is tested for
Mossible rejection (or nullification) under the assumption that it is true.

A null hypothesis is always a statement of either ( 1) “no effect” or (2) “the stams
490", such as the given coin is unbiased, or a drug is ineffective in curing a particular disease, or
©¢ is no difference hetween the two production methods, or the production line requires no

"Vemtive maintenance. efe. The experiment is conducted to sec if this hypothesis is
umeastmabie_ 3
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13.1.5  Establishment of the Null Hypothesis. Let § ro
the population parameter and 8, a value on the number lin
on one of the following three forms.

(i) @ =8, thatis, the true valve of the population parameter is equal 0 some specifieg
value .

Gi) 8 206,, thatis, the true value of the population parameter is equal 1o or greaer tha,
some specifled value By, :

(i) @ <8,

that is, the true value of the population parameler is equal to or less than
some specified value 8.

13.1.6  Alternative Hypothesis. An glternarive Lypothesis, denoted by H
which we are willing to accept when the null hypothesis is rejected.

An alternative hypothesis gives the o
hypothesis. The alternative hypothesis is often
hypothesis expresses the theo
experiment is conducted

1+ 15 that hypothesis

Pposing conjecture to that given in the null
called the research hypothesis, becanse thig
ry that the experimenter, or researcher, believes to be true. The
o see if the alternative hypothesis is supported

13.1.7" "Formulation of Null and Alternative

Hypothesis. The alternative ( or research )
hypothesis is a statement about the val

ve of a population parameter that an Investigator attempts
o support with observed random sample. The statstical hypothesis testing makes use of the nul|
hypothesis that refers (o the same population parameter but denies the altemative hypothesis,
Thus the basic strategy in statistical hypothesis testing is to atempt to support the research

hypothesis by contradicting the null hypothesis. Therefore, when choosing the null and aliernative
hypotheses, take the following steps:

() The experiment is conducted {o see if there is support for some hypothesis. This will be
the altermative hypothesis, expressed as an inequality in the form “less than” or “greeter
than” or “notequal 10",

Example : Hp: 8 < 40

(if)  State the null hypothesis w

ith an equality sign as a complement of the alternative
hypothesis, i

Example : Hy: 6 2 40

The following table presents the three

ypes of alternative hypotheses that constitute the
counterparis 1o the three types of null hypotheses ;

Null hypothesis H, Alternative by pothesis f [
1. 8 >0, 8 <8, l
2. 9 <0, 6 >0,
3 0 =0, 8 # 8, (i.e,6<6, 06 >8,)
Example 13.1

Formulate the nuldl anid the
each of the following:

({)  The mean lifetime of electric light bulbs newly manufuctured by a company has not
changed from the previous mean lifetime of 1200 hours, '

alternative nypetheses used in test of hypethesis for

present the (rue but unknown value o; §
e, the hypothesis to be tested will take £
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¥ riv n the r T [ )lﬂeff.ls er Year.
(} A i‘ﬂlffﬂniﬂbuﬁ iy d i‘ en on i ave age iy IMare !hﬂn }.6000 kil Ju
I

(i) Atleast 10% of the people of Pakistan pay incorme [ax. ssite ol
S Tn e

i T { the households that do not own a Colow
(iv) The proportion of

0.40 in a locality. | s
(v)  The average yield of corn of varieiy A exceeds the average yield of variery B by
v €

least 200 kilogram per acre. .

: i i or each of the given
i I ive hypothesis H, for each o g
ion.” The hesis Hy and the altemnative hyy
Solution. IhL null hypot 0

situations are:

(i) Hyfi = 1200 hours against Hy o= 1200hcfurs o
(if) Hy: p £ 16000 kilometers against H: p > 16000 kilomete
{#ii) Hy:n 2 010 against H:=® < 0.10

(iv) Hyi:x = 040 against H:n > 040 o
) Hy: -1, = 200kg against Hyo oy — iy < 200kg

. is is sal ' hesis if it
13.1.8 Simple Hypothesis. A statistical hypotk_ms;g is said ;0 be a simple hypothe
coi‘n{o]awiy speciﬁe;% the underlying population distribution, namety

(i) The functional form of the distribution, and
(i)  The specific values of all of its parameters.

ic ami babilit
That is, if it specifies the particular member of the p.ams.u.lar f(miil);(}ofa ;J;fc;mudari
distributions, e ‘g a random variable has a normal distribugon_wam mean it 6— md i
dcl:viation c’= -4-',or a random variable has a binomial distribution with n =

' is is sai : site hypothesis if
13.1.9 Composite Hypothesis. A statistical hypothesis 1s said to be a FT;E;;E; hiﬁibffﬂas
it ;.io.t:s not completely specify the underlying pupula;mn disu?b;io;é:fl;; il e
istribut i = 40 or a random varia mal dis i ‘
i dlsulbuugnst\:;g]uﬁza;}vigion o = 4; or random variable has .'d chs_mbu_um}bmlm n::]al?]
sy 4‘L{l) ¥ 20 L:JTdard deviation o = 5; or a random variable has a“omomial distribution
U= and s 3
n = 04 i s
; istic whi i basis for deciding
isti jstic i Je statistic which provides a de
tatistic. The fes! statistic is & samp - ey
ﬁliﬂiﬁr o':‘?:tsthe null hypothesis should be rejected. The most commonly used test sta
Z;T.:{fzsﬂfF- ) .-fr
ifi ; 3 c tistic fo
13.1.11 Rejection Region. A rejection region specifies a set of values of the test staus

i iv is is accepted). It is
which the null hypothesis is rejected (and for which the alternative hypothesis is accepted)
also called as the eritical region.

N ifies 2 f the test
i i jecti ion specifies a set of yalues of |
jection Region. A nonrejection region ‘ : s
:ts tistlai formlfcthe null hypothesis is not rejected. It is also called as the roncritical reg

it 1

1sti i jection and
13.1.13 Critical Values. The values of the test statistic which separate the rejec
no‘:lrlej;cdan regions for the test are called crifical values.
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13.1.14 Two-tailed Test. If the
critical region is located equally in both
tails of the sampling distribution of test
statistic, the test is called a nwo-tailed or
rwo-sided test. In such tes(s, the analyst
is concerned with detecting values of
the test statistic that are either too large
or too small to be consistent with the
Lypothesis being tested.

Rejection -
Region

Rejection
Region

l—a

Aceeptance
Region

T
Zliqy £

'Fig: 13.1 Reject H), if Z< Tya Or Z> 4 oy

With a two-tailed test, acceptance of null hypothesis means acceptanee of a unique value

for the population parameter.

13.1.15 One-tailed Test. If the critical region is located in only one tail of the sampling
distribution of test statistic, the testis called a one-tailed or one-sided test.

13.1.16 Left-tailed Test. If the
critical region is located in only the left
tail of the sampling distribution of test
statistic, the test s called a lefi-tailed
test.  In such tests, the analyst is
concerned with detecting values of the
test statistic that are too small 10 be
consistent with the hypothesis being
tested,

Rejection
Region

Acceptance
Region

[

Fig: 13.2 Reject Hy if Z < z,,

With a one-tailed test, acceptance of null hypothesis. means accepting that the population

parameter is one of many acceptable values,

13.1.17 Right-Tailed Test. If the
critical region is located in only the
right tail of the sampling distribution of
test statistic, the test is called a right-
tailed test. In such tests the analyst is
coticerned with detecting the values of
the test statistic that are too large to be
consistent with the hypothesis heing
tested.

13.1.18 Deciding upon an Appropriate Test. Now the question arises, that hm{u We_should' '.:
decide upon an appropriate test. While deciding upon an appropriate test the following hints are !

helpful:

Acceptance
Region

Rejection
Region

by W

I
0] Zi-a

Fig: 13.3 Reject Hy if Z > i
¢ «

(fy  If we are looking for a definite decrease. i. e., if Hyisgivenby 6 < 6, weuseaone

sided left tail test.

{f1)  If we are looking for a definite increase, i, e, if H) isgiven by 8 > @, we use a on

sided right tail test.

Dpe-I1 Ervor. A Type-Tle

These four possi

Hypothesis Testing
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(itf)  If we are looking for any change, i, e., if H,

test.

The preceding discussion describin

summarized in the following table:

Table : Describin £ the nature of test,

isgivenby 6 = 8, we use a two-sided

g the nature of the one-tailed and twao-tailed tests is

Loeation of rejection region

Null Alternative
hypothesis  hypothesis Tape ofitest
8 =8, g <8, Left-tailed
g < B, g = 6, Right-tailed
é=9, 0 =86, Tweo-tailed

The rejection region is located in the left tail of the
sampling distribution under Hy.

The critical region is located in the right tail of the
sampling distribution under Hy.

The rejection region is located equally in both tails
of the sampling distribution under H.

Remarks : The names of the three ty

The choice of a one-sided

13.1.19 Errors of Inference. Sample evidence is used to test the null hy
sample evidence convinces us that Hy has onl

being false ), we say Hy
us that Ho
tonclusions.

left tail test, one-sided right tail test or a two
depends upon the type of altemative hypothesis,

pes of a test are associated with alternative hypothesis H,.

[

pothesis H,. If the

there are two alternative

() Reject the null hypothesis on the basis of sample evidence.

(i) Accept the null hypathesis on the basis of sample evidence.

There are two possible states of nature of the null hypothesis.

& The null hypothesis is truc.
(1) The null hypothesis is false.

Thus, in hypothesis testing one and only
0]

(i) If the null hypothesis is trile, we may accept or not reject
(i) If the null hypothesis is false, we may

fiv)

O e

If the null hypothesis is false, we may teject it leading to
Tspe-I Error.

one of the following four possible outcomes will QCCUT.
If the null hypothesis is true, we may reject it leading to a wrong decision.

it leading to a correct decisjon,
accept it leading to a wrong decision.

4 correct decision,

A Type-I error is made by rejecting A, if Hy is actually true.

e

rror is made by accepting Hy if H, is actually true.

o S P £ S

ble outcomes can be displayed in four cells of a table as follows:

-sided test

¥ @ small chance of being true ( a large chance of
is unreasonable and reject it. If the sample evidence does not convince
is unreasonable, we do not reject H,. Therefore,
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Table: Hypothesis and conclusion reached from sample

State of nature of hypotheses
Hy is true

Samnple indicates conclusion

Reject H,

H, is true

Type-1 error -

Correct decision
Correct decision

Do not reject ( or accept ) H,

Type-II error

The prebabilities of the four possible outcomes are commonly designated as

@ = P{Rejecting HO|H0 is lrue.) = P( Type-Iecrior)
I —a = P(Accepting H, fHO is true )

B = P(Accepting HP|H1 isrue) = P( Type-Il error )
1-4 = b .

P( Rejecting HDﬂHI 1s true )

We can represent these conditional probabilities as:

Table : Conditional probabilides
State of nature of hypotheses
Sample indicates conclusion H, is true H, is true
Reject H), o 1-p
Do not reject { or accept ) Hy 1 —e yij

13.1.20 Level of Significance. The level of sig
with which we are willing to a risk of Type-1 error. 1t is the probability of obtaining a value of .
the test statistic inside the critical regio

n given that H, is true, i e., it is the probability of
rejecting a true null hypothesis. It is denoted by a.

P( Rejecting H, Hyistrue) = P{Type-l error) = o
: The level of si gniﬁican;e is also called as the size of the critical region or the size of the
test. I is & small pre-assigned value, say, 0.05 or 0.01, which is generally specified before any
samples are drawn, so that the results obtained will not influence our choice. .
13.1.21 Level of Confidence. The level of confidence is the probability of accepting a true
null hypothesis. It is denoted by 1 — . '

P( Accepting Hy|H, istrue) = 1 -

{E"xanql{e 3.2 The prosecuting attorney in a trial attempis to show that the defendans is guilty,
The trail can be thought of a test of hypothesis, since a decision is to be made as to whether the
defendant is guilty or innocent, .

(a)  State the null and alternative hypothesis of interest 1o the prasecuting attorney.
(8)  Define the Type-1error and Type-ll error for this situation.

nificance of a test is the mAximum probability F

T

?a;};es'fs Testing

aai

I fe is puilty, this specifies
A Since the prosecuiing attorney- wants 1o show that the defendant is guilty, pec
lion' 3 ApAal o
} ﬁliltcmmjvc bypothesis and the hypotheszs are
o

: Defe is guil
H,: Defendant 18 innocent H,: Defendant is guilty

-1 ar v\Ould ocour if the defeﬂdanl wers fﬂu“d guﬂiy 1,1 }f—ﬁct the ddfeﬂd:‘l]ll 15 llli!.DL-tllt.
Typb CIT a

i if, infec i t 15 guilty.
11 error would occur if the defendant were found mnnocent if. infect, the defendant is guilty
Type-llen

; ] ac <sible sample
5 Statistical Decision Rule. A statistical decision rule specrﬁ._f:s, t;or ca;.iilx 0130;21 aLdg,:gsEg 7
13.1.21: whether the null hypothesis should be rejected or not. It is also ¢ . ‘
outcome, Lt : :
[on 1) rerion. 1
qnction O & decision ¢ri . : .I o
f“3 1.23 Conclusion. A test of hypothesis leads to one Qf two %oml:lusmn- i ool 3
o llf the observed value of the test statistic falls in the rejection region, the 1 yp
% H., is rejected in favour of alternative hypothesis ;. h y
i all 1 jon the ou
statist ¢ fall in the rejection region the I
i ' alue of the test statistic does no L
{11) }1[ [helhc;t;?:?;eg;thcr accepted nor rejected. It 1s, then, stated that there 15 1nsuily
ypounesl 2
evidence to make a decision.

t of significance., The test of significance descj.r‘thes‘a process of 'Lesungnaitg;ﬁjfsllz
13.1'?4 e ession about the parameter. No decision 15 imminent or eve B
s gﬂnﬂﬁlﬂ lmernificanca is not present. Instead we investigate the values of o Thd i
fhs casc‘?l,c‘«va Oofstfgf as opposed to the O values leading to acceplance O.f H,.The te i
Iaad'm re]uu;n‘ f il?x hypothesis testing that refers to the act of actuaflly testing a hypothesis a
ilfjlfﬁxﬁcéfdt; ssi‘:niﬂcince to make a decision based on that conclusion.

)] i i nany Lests
13.1.25 Sleﬁs to Follow when Testing a Hypotheal?,is. h:mc; ;r;d\:;léfpfhic:ginict\;{;g \:?11 ;.; i)
s is, it i i / t procedure. In the re s
hypothesis, it is useful to follow a scf e Lo apis
?cillrﬁ the same format. The steps we will follow are given below
Before any sample observations are considered:

1 Ider IT.],'] the population lli nterest d te the con dlu 1 icql]llﬂ(l for the akidit of the
p P l ll and sta 111005 11 d y
test PfﬂchU] e ben‘lg USECI.

is 1 i sis H .

2. - Formulate and state the null hypothesis H,, and the alternative hypothesis £,
9. Decide and specify the level of significance, C. : bl (oot ot b
4 Select the appropriate test statistic and its sampling distribution if H,

true. o ¥ .
5. Give the critical value (or values) of test statistic for desired value of o

’ . 4 E: 1] gl -On‘ )
stablish the rejection (critical) regi iy :

X ];. the decision rule: Reject Hy if the value of the test statistic from the observe
7. tate the S ;

jectd i t reject ( or accept ) H.
sample falls in the rejection reglon, otherwise do not rej :

Now consider the sample values: 3 1
& Calculate the value of the test statistic from the observe sample.

i ' / ject or accept
In the light of your decision rule, draw the conclusion as to whether to rej
n s . .
H, and then state the decision in managerial terms.
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Exercise 13.1

1. (@) Define the following concepts in your own words as fully as you can:
(i)  Hypotheses testing . (i)  Statistical hypothesis

(iify  Null hypothesis (iv)  Test statistic
(v}  Leve!l of significance {vi) Critical region
{p) Explain with examples the difference between:

(i)  Estimation and hypothesis testing

(if)  Null hypothesis and alternative hypothesis

(iif)  Simple hypothesis and composite hypothesis

(iv) Acceptance region and rejection region

(v) Type-I errorand Type-1l error

{vi) One-tailed test and two-tailed test

{¢) What is the difference between a one-sided and a two-sided test? When should each be
used?
2. (@) Explain what is meant by:
(] Stati-stical hypothesis (if)  Test-statistic
(i) Significance level (iv) Test of significance
(h) Distinguish between the following concepts: ¢
() Statistical estimation and hypothesis testing
(i) Rejection and non-rejection regions -
(if) Atestat o level of significance and 1 — @ confidence level
3. (@) Explain how thr; null hypothesis and the alternative hypothesis are formulated.
(h) State the null and alternative hypotheses to be used in testing the following claims:

(i) The mean rainfall at Lake Placid during the month of June is 2.8 inches.

N ]
(i) No more than 20% of the faculty at Highland University contributed to the

annual giving fund.

(iif) The proportion of voters favouring Senator Foghom in up coming electio? &

is 0.58.

Ay : e o x
(iv) On the average children attend school within 3.8 miles of their homes !

suburban San Francisco. 4
{ (i) Hy: g = 2.8 inches against H;: u # 2.8 inches; (i) Hy: m = 0.20 agam.s
Hy:omo> 0.20; (i) Hy: ©o= (.58 against Hy:m = 0.58; (iv) Hy: p 23
against H;: ¢ > 3.8 miles.]
4. (o) Indicate Type-I and Type-Il errors in the following statements:

i i
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(i) A judge can acquit a guilty person.
{tif) A deserving player may not be selected in the team.
{iv) A bad student may be passed by the examiner.

{ (&) Type-I, (i) T);p&”. (riiy Type-I, (iv) Type-1L)

{b-} For each of the following siations, indicate the Type-1 and Type-TI errors and the
carrect decisions.

() HD: New system is no better than the old one.
Adopt new system when new one is better.
Retain old system when new one is better,
Retain old system when new one is not better,
Adopt new system when new one is not better

(i) Hy: New product is satisfactory.

Market new product when unsatisfactory.
Do not market new product when unsatisfactory.
Do not market new product when satisfactory,
Market new product when satisfactory.
{ (i) Correet, Type-II, Correct, Type-I, (i) Type-II, Correct, Type-1, Carrect |}

(¢) Suppose that a psychological testing service is asked to check whether an executive is
emotionally fit to assume the presidency of a large company. What type of error is
committed if the hypothesis that he is fit for the job is erroneously accepted? What tvpe
of error is committed if the hypothesis that he is fit for the job is erroneously rejected ?
( Type-Tl emor; Type-I error)

5. (@) The director of an advertising ageney is concerned with the effectiveness of a certain
kind of television commercial. :

(1) What hypothesis is he testing, if he is committing a Type-I error when he says
erroneously that the commercial is effective.

(#) ~ What hypothesis is he testing, if he is committing a Type-IT error when he says
erroneously that the commercial is effective,
{ (i) Commercial is not effective; (i) Commercial is effective H

(k)  Outline the fundamental procedure followed in testing a null hypothesis.
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: ygamesr’s Testing
PO

o test a hypothesis about the mean of any population ( normal or not ). : e
il of the procedure of testing a hypothesis about the mean of a population :
ﬂ?'summa? is kn]m\?n!unknown, at a given significance level o, for the three respective
:mcgveghypothcses is shown in the following table. §

Testing mean of a population, g known.fu?kpown:
Summary of procedure for 3 alternatives

| __{ Choose alternative hypothesis —]7 /
[ ; O / -t

HUI,LL SJ‘J{J
Hvps _ Hat

132 TEST OF HYPOTHESIS ABQUYT
A POPULATION MEAN, 4

13.2.1 Forms of Hypothesis. et My be the hypothesized value of a papulation meah, Ty, *
three possible null hypotheses about a Population mean, and thejr corresponding '&liemative

hypomcses, are:
SRR against L \./
2 Hy: i < Ly againgl H:u > Hn,\/

; W
I ' d : T
S Hepo o g against i T e o Henz gy

v

In each case, the test will be made by obtaining a simple random sample of size n and computing ; l

the sample mean ¥, Then X will pe used in Computing a test statistic. Depending upon the : e 1
ts ] ; Z \ : 1icance: o

calculated value of the test statistic, H; will be accepted or rejected. 1 Set level of signif

13.2.2 Normal Population, 62 known, We know that for a normal Population having a meay
iy and mg distribution of X is normal With mean  u, and g

standard error of Oy = 0‘/ F - Then the statistic " '
- —\ z Z X i § ¥l
= X = 3 ki
7 - X — liy n
O | ; ,

: Reject H, if Reject H, if
has the standard norma] distribution, CGonsequently, the statistic Z is (he test statistic for testing a Reject H if : 3 7« 2/ OF
hypothesis about the mean of 4 normal population whose variance o2 i known. Z<z, 2>z ¢ Sy

; L i of 2
1323  Normal Population, o2 anknown. If the variance of the popﬁ'lat_ion 02 is unknown, L
then we estimate 2 by the sample variance 52 and Wwe estimate the standard error of X by N : = | ¥ |
N & S s t statistic

" where §p = 62 = §/ Jr  Ifthe Population is normal, the statistic _ Calculate the observed value of tes :

" X’ Fre
i e

Sk

has a Student’s t-distribution with v = 5 _ 1 degrees of freedom. Consequently the statistic T
is the test statistic for testing a hypotheses about the mean of a normal population whose variance ; -

a? is unknown. : = | e :
i ; : : - : We reject #; if
13.2.4 Any Population, ¢2 known/unknown, Finally recall the Central Limit Theorem . We reject H, if We reject Hy, if
which'states that the sampling distribution of X s approximately normal even for nen-normal ' e risum i 2 &
s S . IV . ; = Z (i}
Populations if the sample size is sufficiently large ( say, n > 30). Then we will use the test ; T 2
statistic’ d - otherwise we do slErissMe 00 ‘ e
: =% vy 1 not reject #, not reject H, otherwise we do
7= X—u L el K s not reject H,
Or . olyn S
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The summary of the procedurre of testing a hypothesis about the mean of a normal population population distribution and population variance are known, Thus in testing the hypothesis about

whose variance o2 is unkfown, at a given significance level o, for the three respective the population mean we will use:
alternative hypotheses is sh9%n in the following table. s (@)  The test statistic Z when the population is normal and variance is known, or the sample
Testing :mean of a normal population, ¢ unknown: 3 e Sufﬁc'_c")[ly lareey TR o : . j
Swmmary of procedure for 3 alternatives (i)' The test statistic 7 when the population is normal, whose variance is unknown and
- ] : ; sample sizeissmall (n < 30).
{ Choose alternative hypothesis I This can be summarized as follows.
_ ] : | Population Population Variance Sample Size Appropriate Test Statistic
Hyth 2 1 Hyip sy Hottb = 1ty Distribution ol n
Hy:p o< py Hytp > pg oy # g Normal Known Any Z
; I ; Normal Unknown ' Any T (If n > 30, can also use
Set level of significance: o . Z as an approximation )
[ : : Any Known or unknown n> 30 Z :
X Ho i where, when & is unknown, its estimate is the sample variance § 2.
R ; N N ;
S/ \[ﬂ- ' Example 133 A Bureau ‘of Research statistician is designing an experiment io fest
B : achievement scores of first year studenis in Government College Gujranwala on a standardized
S ZX; §1 - (X, —X) test, scored one ihrough ane hundred. He is willing to assume that the distribution of scores is
T T T pa normal. He also believes that the true achievement of all first years students in Government
e College, Gujranwala is greater than 58. If he has a sample of 36 such scores what hypothesis
| : A should he test. ¢
Reject H if Reject H,, if : Reject H,, if Solution. Since he believes 1 > 58, he should test H,: u < 58 against Hy: 4 > 58. He
T b T3 ey T < fLoigra OF hopes to reject H,,. A rejection of H, isa posifive action due to the overwhelming evidence that
et AL Pl oo [t is not less than or equal to 58. An acceptance of H, is a negative action because it implies

‘?

r—‘—'“"l"“——| ’_
"
il
=

T there is not sufficient evidence to reject H,.

Caleulate the observed value of test stafistic —I : Example 134 If the null hypothesis is Hy: it < 50, when would a Type-1l error be made.

| i : Selution.  When infact 4 > 50 and H,, is accepted. _
M If the null hypothesis is Hy: p z 100, when would o Type-1I error be made.
Solution. When infact i < 100 and H, is accepted,

A company claims that the average amount of coffee it supplies in jars is
0.0 0z with a standard deviation of 0.2 oz, A random sample of 100 jars is selected and average

is found to be 5.9. Is the company cheatin g the customers? Use 5% level of significance.

s

. = TR Solution. We have n = .100, T = 59, Gu=l 03
We reject Hy i I, ereject H, if P The objective of the sampling is to attempt to support the research ( altemative ) hypothesis
B ! S 1<ty gyp OT that the average amount g is Jess than 6.0 ounces. Conscquently, we will test the null hvpothesis
: / ; that 4 > 6. ins iv is that 0.
MR B3 ol b s S # = 6.0 against the alternative hypothesis tha ,u < 6.0 L 7; ‘E '3
isot F ) iy The efements of the one-sided left tail test of hypothesis are: & 5 & . BA)
nebrjeat He notieeet. By therwise we do
S ] g e Nedl hypbinesis Hy:p 2 60 : -
- not reject H, : : ; #ﬁ b X
Alterntative hypbehesis Hi:p < 60 : {--:’

Choice of Test & ‘“for Testing Population Mean. The appropriate test statistic for testing
mean is either C orthe T statistic, and depends upon the sample size and whether the

\

/

Levf.!ofsig/ ificance: o = 0.05
Ly

;
i




Test statistic:

« Critical valyes:
Critical region:

Decision rule:

Qbserved valye:

Conelusion:

¥ (B )

Example 137 ) A commpany makes Parachutes, The company has been
ufacturing firm. The company is concerned tha the quality of snap [

Jirm might not pe up to

{inks will withstang & mean breaking Strength of

7= sl follows a standard normat distribution
j 0';'{ \/T under H.l,-
T - 1sis ( From Table 10 (3) }
Z < ~1.645 .
Reject H if 7 < _ 1.643, ﬁthcrwisc.do not reject [,
X =1, 59 - 6.0 u
il T e

Since z = -5 <« _ 1.645, we reject H; and conclude th

at the average
amount of coffee ig less than 6.0 ounces,

buying snap links from g
nks they receive Jrom the
Specifications, Specifically, the company vants to be CORVinced thar snap

more than 5000 bounds. Perform g rest of

eviation iy 22] pounds, Whar is
implied by the test resyly ; (o B

Solution. We haye

The objective of the Sampling 15

the mean breaking siren

hypothesis that K = 5000 apainst the alternative hypothesis that' 1 > 5000,

The elements of the one-
) A
Null hypothesis

Alternative hyporhesis

Level of significance:
Test statistic:

Critical vaiye:

Critical region:
Decision rule:

Observed vajye:

Conclusion:

Example 13.8 T
“heen 1120 hours,
manufactured bulby show

e mean lifetime of electrie light bulbs Produced
A rand,

ni= 50 X = 5100, (oz == s o |

to atternpt Lo support the research ( aliernative ) hypothesis thay
gth 4 is more than 5000 pounds. Consequently, we wil] test the null

sided right tail testiof hypothesis are:

Hy: 45 5000

Hi: > 5000

et UL e R S ) 0.005 = 0.995
Zio A P

follows a standard norma] distribution

oTTr

under Hy .
f-a = Zgoos = 2576 { From Table 10 (b) ]
Z > 2.576 “biis 1
Reject H, it 2 > 2,576, otherwise do not reject 7,

XMy 5100 - 5000

ofin " Taym = 3%

Since z = 320 » 2.576, we reject H, and conclude that the mean

breaking strength is more than 5000 Ppounds. Links from the firm are
up 1o specifications, Buy them.

Sl

by a company has in the pasr
om sample of 36 electrie bulbs recenily chosen from q supply of newly

ed a mean lifetime of 1087 hours with g Standard deviation af 120

v o | . e . ;
= 5l
2 ;flution. We have

S X . : | : eople is
" a the mean lifetime s 1120 hours‘ he hypothesis that the mean weight of a Papﬂiﬂflo*;fof 3(2 =
xample 13.9} We wish (o mI(I] i )fnda sample of 36 people, find. the values

L . 125
'\\ 5 - A

]e fthe i Thesis that the mean EI elime of i il! fas i d ustng da 1 J Of
b[ bS i ot Chﬂﬂge £ve
f ighf
Yo i
urs. 5

ificance of 0.05. 120

o 3(), T = s ¥ =

bijective € 5aln 15 auemp Ton ernaty y[}O[ll that
alternative :] h E518
e 0 Of lh pllng alle supp rt the resea (
VE 10 attempt to 0

ifeti has changed from 1120 hours. (Ifonsequently,l\;;ﬂwill_tcsl the null
. mgal]"ngttlric =Iu1120 against the alternative hypothesis that @ #
l;")l;z[);:n?:ms'of the two-sided test of hylplztgesis are;
Null ngpothesis Hye =

Alternative hypothesis

; 20
Hy:u+ 11

='0.975
=0025 = 1-q¢f2
Level of significance: =00 = o2=00

i follows an approximate sta;dard
T i S/ J; normal distribution under H;.
= —1.960,

y L ey
Critical values: fof2 = toos

= 1.960 { From Table 10 (&) }

Li—afz T Zoms

Z > 1,960 " A0 p
= 1}‘1'962° ?Zrc 1.960 or Z > 1.960, otherwise do not reject H, I
Reject Hj 1 =1

% - o _ 1087 1120

e

=l =il - gje t H and con t e that
1l t)s il 96“, WE donotr C 0 (] le
S]nt:c 9':!0 < .z

Critical region:
ision rule:
e S

- Observed value: ]

Conclusion:

i = 151b.
140 Ib. Using ¢ = 1 .
\lvl}om’d lead to rejection of the hypothesis.

i = n = 36, ik Calternanve ) hypothesis that
i e TNC h; ‘t:e sampling is to attempt to support the rescarch ( alterna
The objective of ;

ill test the null hypothesis
igh is not equal to 140 pounds. Consequently, we will test
the mean weight [ 1

i 1 # 140,
that 4 = 140 against the alternative hypothesis that u
! = : :
The elements of the two-sided test of hypothesis are:

S iaThS

U o= 140
Null hypothesis Hyi i
ive hy, ] H,:p o+ 140 -
Y 1I~ 005 = w2 = 0025 = 1-g/2 = 0975

Level of significance: ol

i “'0 : T buti
r t / 7 = — follows a standard rlomldl dlstrl 101
E£5 Sfafiﬂff‘u : / e
Yil W = = — 960,
fs lses: -7-(1’(2 20_025 1" ; (
Cri Icﬂi QlHeS

L_gia = Zoors

~1960 or Z > 1.960
Critical region: L 1.96Q
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Deciston rule: Reject H, if Z < —1.960 or Z > 1.960
X{.;M‘O- < 1960 o X80 L oes
15/,/36 15/4/36
X <1351 or X > 1449

Hence, the hypothesis Hy: pt = 140 will be rejected if either ¥ < 1351 or ¥ > 144.0.

Example 13.10 An ultrasonic equiprment manufacturer uses a component in one af its machines

iat must withsiand considerable stress from vibrations while the machine is operating. An alf-
metal component has been available for some years from a supplier. Extensive historical
experience has shown this component has a mean service life of 1100 hours. The research
division of the supplier has just developed a modifted component constructed Jrom plastic and
metal, bonded in a special way. The manufacturer wishes to know wheither or not the mean
service life of the modified component ( }) exceeds the mean service life of 1100 hours Jor the
original component. Test the hypothesis ar 1% level of significance if a sample of
n = 36 components yielded ¥ = 1121 and § = 222 hours.

Solution. We have n o= 36, Sl ek 5 = 222
The objective of the sampling is to attempt to support the research ( alternative ) hypothesis that

the mean service life (' exceeds 1100 hours. Consequently, we will test the null hypothesis that
4 = 1100 against the alternative hypothesis that M4 = 1100.

The elements of the one-sided right tail test of hypothesis are:

Null hypothesis Hy: p £ 1100

Aliernative hypothesis Ho:p > 1100

Level of significance: a = 001 = l-a =1-001 = 099 _I _ £
Test statistio: Z = At . follows a approximate standard normal

-

Bl = By = 2306

distribution under H, .

Critical value; { From Table 10(&) }

Critical region: Z > 2.326

Decision rule: Reject H, if Z > 2,326, otherwise do not reject H

Observed value: e 2 Ay 1211300 = (368

$dn T 2)f3
Since z = 0.568 < 2.326, 50 we do not reject H, and conclude that
the mean service life does not exceeds 1100 hours.

Conclusion:

Example 13.11 A lumber company is interested in seeing if the number of board feet per tree
hasdecreased since moving 10 a new locarion of timber. In the past, the company has an average
of 93 board feet per rree. The company believes that the production has decreased since
changing locations, a random sample of 25 trees yields ¥ = 89 with § = 20. Assuming the
normatity of the data, test the hypothesis ar @ 10% level of significance.

R ¥ = 89 s TR

The objective of the sampling is to attempt to suppart the research ( alternative ) hypothesis that
the mean production 4 has decreased from 93 hoard feet. Consequently, we will test the null
hypothesis that 1 > 93 against the alternative hypothesis that 4 < 93,

Solution. We have

The elements of the one-sided leq i271 test of hypothesis are:

Null hypothesis Hy: p2 93

Alternative hypathesis Hii <93

Level of significance: o = 010

Test statistic: T = J{ v follows a -distribution under
S/ H, with

Degrees of freedom: Womiihel R 08 oA

Critical value: Liw = tagopn = —1.318 ( From Table 12)

Critical region: I' < -1.318

Decision rule: Reject Hy if T < —1.318, otherwise do not reject ,,

f_—,uo 89 — 03

Observed value: o= = = —1.000
siyn 20/ 25
Conclusion: Since + = -1.000 > + 1,318, we do not reject Hy and conclude

that the mean production has not decreased from 93 board feet. The
tree company’s claim has not been established.
Example 13.12_Expensive test borings were made in an oil shale area to determine if the mean
Yield of oil per ton of shale rock is greater than 4.5 barrels. Five borings, made at randomly
selected points in the areq, indicated the Jollowing number of barrels per ton 4.8, 5.4, 3.9, 49,
3.5. Suppose barrels per ton are normally-distributed, Perform a test of hypothesis at the 5%
level of significance. '

Solution. The mean and standard deviation of the sample are

X 48 5.4 3.9 4.9 55 R =S
%2 2304 2916 1521 2401 3025 | Zx?= 12167
g T, LS 0
n 5

S T A T T = e
| Y 1 n=1 e -

The objective of the sampling is to attempt lo support the research { alternative ) hypothesis

. hat the mean yield H is greater than 4.5 barrels: Consequently, we will test the null hypathesis

that 4 < 4.5 against the alternative hypothesis that (1 > 4.5,




P

e

-} =
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The clements of the one-sided right tail test of hypothesis are:

Nudl hypothesis Heozp <45

Alternative hypothesis Hivu s 45

Level of significance: o = (.05 = I - o = 095
X -

Test statistic: T i Ho follows . r-distribution under
T i
Fat 1y, with

BDegrees of freednw. Vilisbap el = TS e

Crit’ ulvalue: b T lges = 2,132 ( From Table 12 )

Critical region: IS ntis e

Decision rule: Reject Hyif T > 2.132, otherwise do not teject H,.
\

Observed value: Tii= —%:P._—" = 4'9_.4'5 = 140
; .s/\f n 0,64',-3\/?
Conclusion: Since

¢ = 140 < 2132, we do not reject Ty and conclude that the
mean yield is not greater than 4.5 barrels..

Lxample 1313 A cattle rancher has changed the ope of feed he uses to Jatten his canle for
sale. The feed company claims that the new feed wiil increase the mean weight gain in his cartle
by more than 100 pounds per steer. Assuming the weight gain of catile is normally distributed,
test the hypothesis of the feed company ar 0. = 005, Previoush, the mean werght gain per steer
has been 800 pounds. A random sample of 30 ylelds a piean weight gainaof ¥ = 935 pounds
with a standard deviation of 85 pounds. ' ;

Solution. We have =~ 5, - 30, X = 095 5 85

= e

The objective of the sampling is to attempt 1o support the research ( alternative ) hypothesis
that the mean weight 4 is more than 900 (ie,B800 + 100) pounds. Consequently, we will test
the null hypothesis that M = 900 against the alternative hypothesis that gy > 900.

The elements of the one-sided right tail test of hypathesis are:

Null hypothesis Hy: p < 900

Alternative hypothesis H:u > 900

Level of significance: o = 0.05 = Il —a = 095

Test statistic: T = }f =Ho follows a /-distribution under
Sr/ﬁ H, with

Degrees of freedom: V= ik s 30~ 1= 79

Critical value: L= L0905 = 1.699 ( From Table 12)

Critical region; T > 1.699

A Text Book of Statistics — Part .
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Reject Hy if T > 1.699, otherwise do not reject H.
E-fly 935900 _ s

Observed value: i 3/\}';“- : 85/\},.3_{] e

Since 1 = 226 > 1.699, so we reject 1, and conclude thatft}:
mean weight is more than 900 (.:'. ¢, 800 + 100 ) pounds.. The fee
company’s claim has been established. ) g
Esfample 13.14 Workers at a produciion facility are required to assemble a certain part in 2.

. = ] . . b 5 2
eet ?t)d“l:.“ terid, he asse, Vrare per p
HINUIES tn oraer lo.m P on criler 1 nlbl 14 art Ibiﬂssuﬂiejd f.t? be
}(;" ] Y Glstribuled. SIX WOrKers are se 3Cled ar random (']'Hd tﬂ?ll?d in Cfs.fe??fb mng a part. i he
fi ma” | d 7 b ted 5 !{ f

assembly times (in minutes) for the 51.'.1: workers as follows.
2.0 24 1.7 1.9 2.8 1.8 ; ¢
- : i 2 test ¢
The manager wants to derermine if the mean for all work==> ljjers from 2.3, Perform a
hypothesis at the 5% level of significance.

Conclusion:

~ Solution, The mean and standard deviziion of the sample are

% R, e e SRR T
e | =00 03 =04 =030 09 =03 e :
(%7 | 001 009 016 004 049 009 | Z(x - %) =08

e LR

n 6 :
s R TR
TNEE 621

ive } hypothesis
The objective of the sampling is to attempt to suppprl the research ( laltemat:'ifl )lcsif}z:e o
that the mean assembly time pu differs from 2.3 minutes. Co_i:sgqucljl y,l we
hypothesis that .,u = 2.3 against the alternative hypothesis that ¢ # 2.3.

The elements of the two-sided test of hypothesis are:

Null hypothesis Hp:p= 23
. Alternative hypothesis Hyi:p # 23 : :

'Lei{e!. of significance; =005 = a/2=0025 = 1-g2 n 0.975

y istic: T = Xty foilow_s'a t-distribution under
Test statistic: P / F 41, with

Degrees of freedom: G e i S

Critical values: taa = tsgos = — 2571,

ble 12)
Yii-o/2 = 50975 = 2.571  (From Table
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Chitical vegion: s e ; (viiy Since z = — 1428 < —].282 = gz, m.wa reject Hy: ,u 86.2 in favour of
S ; S ; { Hi: )< 862 : ¢
Redsion s - Reject Hy if T < -2571or T > 2571, otherwise do not teject H,. | B4 uih2 , _
e 7 X =il Sosioan. o 4§ (vii) Since zjgys = —2.576 < 2 = =25 < 2.576 = 7 49s, We do ot reject H,:
ENES G.Hf{fﬁ T R . i = 70 against Hy: i 2 7.0. ] ] : '
Conelusion: o Since - 2.571 < .E._ = - 1.166 < 2571, we do not reject H; and - 3. (@) A random sample of size 36 is taken from a normal population with known variance
conclude that the average assembly time is 2.3 minutes. g o? = 25. If the mean of the sample is ¥ = 42.6, test the null hypothesis u > 45
against the alternative hypothesis pt < 45 with & = 0.05 (Oth\_\_i\s's the probability of
= : committing Type-1 error). ;
— Exercise 13.2. : : (Since z = - 288 < - 1645 = 7,4, We reject Hy: @ 2 45 in favour of
1. (@) Whyisthe z-test usually inappropriate as a test-statistic when the sample size is small? i H ot <45) '
(by Define “Student’s r-statistic”. What are its assumptions? Explain briefly its use and i ' :
importance in statistics, 4 (b) Ten dry cells were taken from store and voltage tests. gave the following
For each of the following, a random sample of size n is taken from a normal | e 1'52’. e 1490 L8 .1‘47‘ L !.‘Sl_t ol _1'48 L The_me?.an
b2 distribution with mean 4 and variance o, The samp!e EANS T Tt by voltage gf the cells when stored was 1,51V, Assuming the population standard deviation
stated, at the level of significance indicated. P E‘J r&_man;dunchang'cd at 0.02 V, is thére reason to believe that the cells have
éteriorated. ;
Sample ) % s - : 5 o :
p 5 % HHYP(’&’CSESH Sl;:}fg,‘%ic (Since z = — 253 < —1.645 = gyo, Wereject Hyip = 1.51 in favour of
il 1 )
. Hp: p< 151
@i 5 3 = 158 1% 158 5% S
(i) 1850 29 1.2 <263 263 [+ 5% 4. (@ A sample of 400 male students is found to have a mean hetght of 67.47 inches. Can it
(£ir) 49 125 42 L<1235 2> 1235 1% be regarded as a simple random sample from a large population with mean height 67.29
) 100 4735 018 4> 440 g . Wlﬂ:l standard dcvnnqn of 1.3 inches? ;
Sample | n ¥ Sy _x)] Hypotheses Level of W e e e do no
i H, H, significﬂncc_ Hﬂ u = 6739 aga.mst H I 67 39 BI o= 005)
W 5 L] : :
( ) 6 180 s g=992 po= 992 5% {b) The mean lifetime of electric light bulbs pmduced b_v a company has in the past been
(vi) 65 100 842.4 R£992 . pus> 092 50, 1120 hours with a standard deviation of 125 hours. A sample of 8 electric bulbs
(vii) 80 853 .2508.8 o> 862 o< 862 . 10% recently chosen from a supply of newly manufactured bulbs showed a mean lifetime of
(vii) | 100  6.85 % 5 1070 hours. Test the hypothesis that mean lifetime of the bulbs has not changed using a
: — ' =10 =34 i level of significance of 0.05.
{ ()  Since zgps = —196 < z = = 1095 < 196 = Z o975, We do not reject (Since gy = —196 < z = =113 < 196 = z,4., we do ot reject

Hy: o= 1538 against Hy:ip # 158,

b : CHy: = 1120 against H: p # 1120)
; 0 1 -
(#) Since 7 = 1.845 > 1.645 = Zggss WE reject Hozn < 26.3 in favour 0.1;

S.(a) Suppose that the mean g of a random variable X is unknown but the variance of X is

Hy:opo> 263,
: - 2 kn : j ! i : = A f
(i) Since z = 25 = 2.3%6 = Zpoy» We reject Ho: p £ 1235 in favour of ik .to il S.hmﬂd i i m_J.ll hypotﬁem.sl }.{0 : g favourolan
B 1%, : _ alternative hypothesis H: g # 15 at a level of significance of o = 0.05, ifa
. .' . random-sample-of 64 observations yields a mean ¥ = 127 What are the 95%
(iv) Since z = - 2778 < - 2054, we reject Hy: j1 > 4.40 in favour of confidence limits for p. ' K :
H: p < 440 (Since z = —2 < -1960 = gz505. we reject Hy: g = 15 in favour of
()  Since zp55, = - 196 #z = L7718 < 196 = zggs wedo rmt reject Hpop 2 150 906 < p< 14.94)

Hy: ppo= 992 agamsth‘ #9972,

(v) Since 7 = 1792 » 1645 = z,,., we reject Hy: p £ 99.2 in favour of
H,:u > 992, ; ;

(b) In a syrup filling factory the mean weight per bottle is claimed to be it = 16. A random
sample of 100 bottles is taken and 4 test statistic used is X, the mean weight of the
sample. For a (.03 level of significance, find the critical values for the test statistic and




S

6. (a)

(&)

7. (a)

®)

8. (a)

* against the alternative hypothesis g > 735

© year. To test this claim, a random sample of 100 au

formulate the decision rule, Assume the wei
g* = 256
(Reject Hy if X < 1568 or X > 16.32)

A random sample of 36 _drinks from a soft-drink machine has an average conient

_ 7
ounces with a standard deviation of 0.48 ounces. Test the hy :

pothesis 4 < 7.5 ounces
. at the 0.05 level of significance,
( Sinee z = 1.645 = Zyos» We do not reject H,: p £ 75 agdinst

Hiiy 575

152500

. . j‘
It is claimed th'at an automobile is driven on the average at most 20000 kilometres per
year. To test th%s claim, a random sample of 100 automobile owners are asked to keep g
record of the kilometres they travel, Would you agree with claim if the random sample

showed an average of 21500 kilomerres and a standard deviation of 3900 ki
ilometres?
Use a 0.01 level of significance. sogh

(Sinee z = 3846 > 2326 =

Za999» We reject Hy: p < 20000 in favour of
H, > 20000) :
A random sample of 100 recorded deaths in the United States during the past year
showcd_and average lifespan of 71.8 years with a standard deviation of 89 years
Does this seem to indicate that the average lifespan today is greater than 70 years? Use:
a 0.05 level of significance, : .

(Since z = 2.02 > 1.645 = z4gs, we reject Hy: g £ 70 in favour of Hi:p>170)

It is claimed that an automobile is driven on the average no more than 12000 miles per
: tomobile owners are asked to keep a

record of the miles they travel. Would you agree with the claim if the random samnpie

shn.wed an average of 12500 miles and a standard deviation of 2400 miles?

( Since z = 2.083 > 1.645, we reject Hy: u < 12000 in favour of H. - 1> 12000

at o= 0.05) ' : ;

Given the following information. What is your conclusion in. testing each of
the indicated null hypothesis? Assume the populations are normal, :

Sample Saipple Sample| Estimate Hypotheses level of
size | mean | of variance © | signifi :
: from sample i i i s
(1) '];2]6 Ao 11 2l b ho< 10 Ve (G M 0.01
(n} 25 8 64 L=z 10 Ho< 10 0.01
() | 25 9 49 u =10 L 10 0.02
Sample n x =) 'Hypotheses Level of
: H, H, significance
(iv) 12 249 123 | u s 244 uo> 241 2.5%
(v M 74 35.6 1471.8 H= 40 U # 40 5%
(vi) & |1505.8 50.8 M < 1503 u > 1503 - 5%
(vid) 10 129.8 . 976 M2 1330 M < 1330 1%

A Text Book of Staiistics — Part I}
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(®)

10. (a)

{ () Since t = 044 < 2.602 = 1,549, We donot reject Hy.

(@) Since t =.—1.25 > -2.492 = 1, 5, We do not reject H,.
(iif)  Since Ly g0l = ~2492 < t = -0714 < 2492 = ta4:neg: We do not
reject H. i

Gv) Since t = 2.622 > 2201 = Ij).0975- Wereject Hy: it < 24.1 in favour of
Hy:opo> 2401

(v)  Since r-us;ms =-2120 <t = -1892 < 2,120 = t14: 0,975 We do not reject
Hy: @ = 40 against H;: p # 40

(vi) Since t = 2.152 > .2'015 = 505 Wereject Hy: g £ 1503 in favour of

Hy:p¥> 1503

(vii) Since t = —3.073 <~2821 = 1540, We rcject Hy: 121330 in favour of
H:u< 13301}

(b) A random sample of size' # is drawn from normal population with mean 5 aad
variance ¢

D, It = 28 F = 3 andh & = 20 whilis 17

gy M n =9, =2 and ¢t =-—2 whatic 7

((y It n =25 § = 10 and ¢ = 2, whatis ¥

(v) If s =15 ¥ = 14 and ¢ = 3, whatis n?
(r = -5, sy X =09 n = 25)

Injection of a certain type of hormone into hens is said to increase the mean weight of
eggs by 0.3 ounces. A sample of 30 eggs has an arithmetic mean 0.4 ounces above
the pre-injection mean and a value of 5 equal to 0.20. Is this enough reason to aceept
the statement that the mean increase is more than 0.3 ounces?

( Since t = 274 > 1699 = Tyg.guse We Teject Myt u £ 0.3 in favour of

H: i >03at o=005)

A random sample of 25 hens from a normal population showed that the average laying
is 272 eggs per year with a variance of 625 eggs. The company claimed that
the average laying is at least 285 eggs per year. Test the claim of the company at
a = 0.05. oL '

(Since ¢ = =26 < ~ L1711 = 1, 40, WeTeject Hy: u 2 285 in favour of

H:p< 285)
A producer of a certain make of flashlight dry cell batteries claims that its output has a

mean life of 750 minutes. A random sample of 15 such batteries has been tested and a
sample mean of 745 minutes and a sample standard deviation of 24 minutes have been

- e e TR L
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(b)

11. (a)

(b)

12. (a)

()

 found to be 63, 63, 66, 67, 67, 69, 70, 70, 71 and 7linches. In the light of these

T i e

obtained. Verify that these results are consistent with the null hypothesis g =
against g < 750 at o = 0.01.
( Sinee t = - 0807 > — 2624 =

1< 750.)

75[}

4,001 We do not reject Hy: o = 750

against H,:
Ten individuals are chosen at random from a normal population and the heights are

data, discuss the suggestion that the mean height in the population is 66 inches.
( Sinee taiges = — 2262 = ¢ =178 < 2262 = ty45, We do not reject

Ayt i = 66 againgt H ;@ g # 66 at o = 0.05.)

Ten cartons are taken at random from an automatic filling machine. The mean net weight -
of the 10 cartons is 15.90 oz and the sum of squared deviations from this mean is
0.276 ( oz . Does the sample mean differ significantly from intended weight of
16 0z.9 : ;

( Sitice tg. 0o = —2262 <t = - 1.806 £ 23262 =

0.05.) -

fa. pa7s » We do not reject

Hy: o= 16 against H,: g = 16 at @ =

In the past a machine has produced washers having thickness of 0.050 inches. To'_"
determine whether the machine is in proper working order, a sample of 10 washers is ;
chosen for which the mean thickness is 0.053 inches and the standard deviation is 0.003 §
inches. Test the hypothesis that the machine is in proper wurkmz order using a level of 1
significance of 0.05. ! | 4
(I Bincepirs —s: 16 i DGR =

Hy: g = 0050.)

fo.n075» We Teject Hy: ,u = Q.OSO in favour Of'm.

A random sample of 16 va]ues from a nomml population s‘nowcd a mean of 41. 5
inches and a sum of squares of deviations from this mean equal to 135 (inches)®, Shaw

that the assumption of a mean of 43.5 inches for the population is #ot reasonable and '; :

that the 95% confidence limits for this mean are 39.9 and. 43.1 inches,

(Since t = —2.667 < —2.131 = ‘15;0,0@5'“'5 reject Hy: p = 43.5 in favour of

Hy:po# 435 at o = 0.05.)

A random sample of nine from the men of a lmgc city gave a mean height of 68 inche

and the unbiased estimate of the popu]anon variance from sample, §% was 4.5 (inches)

Are these data consistent with the assumption of 2 mean height of 68.5 inches far ﬁ‘
men of the city.?

(Since fg. 005 = —2306 < £ = —0.708 < 2.306 = f; g, S0 We do not 1‘8}'Bc

Hyi = 685 against H: g # 68.5 at o = 0.05).

Hypothesis Testing

TEST OF HYPOTHESIS ABOUT : s
A POPULATION PROPORTION, n

Tests concerning proportions are based on frequency or count data, which are outcomes
of experiments such as the number of defective items in a production line, the number of errors
made in typing a complex mathematical manuseript, and so forth. In this section we shall present
the tests based on count data, where the test concerns the parameter @ of the Bernoulli
distribution for both small and large sample sizes. The statistic for testing hypothesis concerning:
proportions is the number of successes X or the proportion of successes P in n independently
repeated Bernoulli trials. For small n, the tests require the use of binomial probabilitics. For large
n, the normal approximation to the bmarma] using the Z statistic, is appropriate, the Z? statistic
has x? -distribution.
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13.31 Forms of Hypothesis. Let m, be the hiypothesised value of the population proportion.
The three possible null hypotheses and their corresponding alternative hypotheses, are:

I. Hy:m 2 7, against H:in <.
T * Hps e £ imy against H:rn > =
VR s [ o against _ _H]: Tk e

In each case, the test will be made by obtaining a simple random sample of size n and

counting the number of successes X in the sample and computing the sample proportion P.

Then P will be used in computing a test statistic. Depending upon the calculated valug of the test
statistic, Hy, will be accepted or rejected,

13.3.2 Test based on Normal Appmximatinn.. We know that for 2 Bernoulli distribution with
proportion of success &, the sampling distribution of the number of successes X in a sample of
size n is a binomial distribution with parameters n and 7. The sampling distribution of the
sample proportion P = X/n is also a. binomial distribution. The mean of the sampling
distribution of P is m, and that m,(1— m,)/n is the variance of the sampling distribution.

Consequently, the fest statistic is R ;
P-n \\
z = 2 )

o JreQ=min
which is approximately standard normal for large sample because of the normal approximation to
the binomial. Or multiplying the numerator and denominator by », we obtain the (est statistic.

—HTL'D

@/

which is approximately standard normal when /1 18 large and 1, is not too close to zero or one.

Strictly speaking, in computing Z we should use a continuity correction factor to transform the
. discrete binomial into a continuous normal distribution, that 1s

.‘{j:L - nm, P:tL]—TE@
o 2 2na

.Jnrte{l—'rtn} Jn{,(la‘rcﬂ)lfn

b
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We should use a plus sign (+) when X < a my or P < 7 and 4 minus sign { —) when
X>nmngor P2 Ty

The summary of the procedure of testing a hypothesis about the proportion of successes " a
population, at a given significance level @, for the three respective alternative hypotheses is
shown in the following table. ;

Testing population proportion:
Summary of procedure for 3 alternatives

Choose alternative hypothesis

l

I__

e

l Hy:m 2w, ) Hy:m £, . Hy:m =7,
I Him < m Hy:n >m, CHprmoE T,
l _
r Set level of significance: o ; J
i =t
JB(l=my)/n
X
P ==
n : 1
Reject H, iff Reject Hy if Reject H, if
Z=z, Lo Z < g, 01
: 2224 g9
1 Calculate the observed value of test statistic ]
250 P-Ty
g e O
.‘{ ﬁofl - TI:Uan
x
FN=
n
We reject H, if We reject H, if We reject H,, if
7.8 2y 2> g Z'< Zgpp OF
otherwise we do otherwise we do T3 g2
e L Tl not reject Hy otherwise we do
< i not reject Hy,

Example 1315 The repujations (and hence sales) of many businesses can be severely damag.sd
by shipments of manufactured items thar contain an unusually large percentage of defective
items. A manufacturer of flashbulbs of cameras may want to be reasonable certain that less than

Hypothesis Testing 137

5% of its bulbs are defective. Suppose 300 buibs are randomly selecied Jrom a very large
shipment, each is tested, and 10 defective bulbs are found. Does this provide sufficient evidence
for the manufacture to conclude that the fraction defective in the entire shipment is less than
0.05. Use o = 0.01.
: o x 10
Solution. We have no==Bie xe= M) posiaee o
n 300
The objective of the sampling is to atempt to support the research ( allernative ) hypothesis
that the proportion of defectives 7 is less than 0.05. Consequently, we will test the null
* hypothesis that = > 0.05 against the alternative hypothesis that = < 0,05.”

The elements of the one-sided left tail test of hypothesis are:
Hy: m = 0.05
Cw o< 0.05

= 0.033

Null hypathesis
Alternative hypothesis H,

k  Level of significance: o = 0.01

3 P=n : :
i Test statistic: v L =—F 0 = follows an approximate standard -
LT (1__ )/ n normal distribution under H,;
Critical value: Lo = Zhm = —2.326 { From Table 10 (b) }
Critical region: Z < =2.326
§  Decision rule: Reject Hy if Z < ~2.326, otherwise do not reject H,.
: -n -0
Observed value: e e LS et
Y VT -n)/n - f0.05(1-005)/300
Conclusion: Since z = - 1351 > - 2326, we do not reject H. The

manufacturer cannot conclude with 99% confidence that the shipment
] contains fewer than 5% defective bulbs, g

] . Example 13.16 i is known that approximately 10% smokers prefer cigarette brand A. After a
4" promotional campaign in a given sales region, a sample of 200 cigarette smokers were
& inerviewed 1o determine the effectiveness of the campaign. The results of the survey showed that
L 20 people expressed a preference of brand A. Do these dala present a sufficient evidence to
_ indicate an increase in the acceptance of brand A in the region. Use o = 0.05,

‘:Soluliun. We have n =200 x=126 p= e -E— = 0.13

n 200

he objective of the sampling is to atiempt to support the research ( alternative ) hypothesis
that the proportion of smokers 7 is greater than 0.10. Consequently, we will test the null
ypothesis that w < 0.10 against the alternative hypothesis that T > 0.10.

The elements of the one-sided right tail test of hypothesis are:

- Null hypothesis Hy:n £ 010
\lernative hypothesis H:n > 010
o = 005 =

el of significance: I —o = 095
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P -7
Test statistic: L

Gt _ et F Bk = 1340
Z= — 0 follows an approximate standard Solution. We have x = 723 ek 4 i
VR =1/ n normal distribution under H, x 123 _ s
EEemss g T
Critical value: { From Table 10 (b) ) v o

L = 005 = 1.645
Critical region: Z > 1.645

D.f:;f.w'ou rule: Reject H if Z > 1.645, otherwise do not reject M.
S B S By 0.3 - 0.10
b 0S5 J0.10(1 - 0.10)/ 200

Since z =

_Obsefued .uaf ue:

= 1414

Conclusion: 1414 < 1.645, so we do not reject Hy. We cannot.

conclude with 95% confidence that the promotional campaign is’ Level o slgmpicance ; dard
effective. : e Fsi i £ ol follows an alppn:_mmatg sia;} ar
Example 13.17 A supplier of components to a motor industry makes a particular product which \Fiﬂ (1=mg)f ROuEl QIR NS fr
sometimes fails immediately it is used. He controls his manufacturing process so that the. i = 0a0s
proportion of faulty productsis supposed to be only-4%. Out of 500 supplied in one batch 28'_{'- Critical values: Zat2 = Zom T : e
prove to be faulty. Has the process gone out of control 10 produce tee many faulty products. Test :f Zian = e T 2.326 { FromTable 10(b) }
ar o = 005 applving continuity correction. . ; :

Solution. We have n o= 500, x = 28

The objective of the sampling is to attempt to sﬁpport the research ( alternative ) h§=pothcsis:
that the proportion of faulty products n is greater than. 0.04. Consequently, we will test the null 3

hypothesis that © < 0.04 against the alternative hypothesis that > 0.04
The elements of the one-sided right tail test of hypothesis are:

; that that the
Null hypothesis H,: 1 < 004 Conclusion: Since z = 2.928 > 2.326, we reject H, a?d i
£l . s o o proportion of male births is not equal to 0.5.
Alternative hypothesis H:n> 004 :
iever'ofs:’gri@ﬁcance: Wi 0.05 = —a = 095 a r 133

(X £0.5) - L

i
i

Hypothesis Testing

- ing i h ( alternative ) hypothesis
jecti sampling is to attempt to support the researc ‘
i lhz:mal;:: bigrths n is not equal to 0.5. Consequently, we will test the null

" that the proportion ] ) _
o o 0.5-against the alternative hypothesis that T # 0.5.

hypothesis that

The elements of the two-sided test of hypothesis are:

Null hypothesis

Alternative hypothesis

Critical region:

Decision rule:

Observed vaite:

H’U;-n; = {35
H:x # 05

Z < -230r Z > 2.326 : .
Reject H, if Z < —2.3260r Z > 12,326, otherwise do not reject H,

P =T

o= 002 = 2=

Pl

001 = 1—&[2:0_,99

0.54 = 05 s 5aih

S m(-m)/n

=~ J050-05)/1340

v

: Exercise :
| ; i ! igni e test for the hypotheses
1. f?ﬂi For each of the following Scts of data, carry qut a significance tes he hyp

Test statistic: it : follows an approximate standard ° i ;
2 - VTl =) * normal distribution under H, . slices f
g e b Bl 2 Leddy ‘ Sample | Number in  Number of Hypotheses si]:gﬁ:f?éa?wc
Critical var'u_e: B_g = Zges = 1.645 { From Table 10 (&) } - g sample SUCCesses H, H, :
Critical region: Z > 1.645 : ) 1= 50 2= 45 T <08 n > 0.8 5%
Decision rule: Reject Hy if Z > 1:645, othierwise do not reject H,. G 60 42 n = 0.55 m # 055 2%
| : =1/4 # 1/4 5%
; (x+05) —nmy  (28-05) — S00(0.04) i) 120 21 T =1 n# 1
Observed value: = = _ = 171 s 213 = 0.65 n # 0.65 1%
3 nma(l—m, ) L J500(0.04)¢1 - 0.04 iv) :
TR 9, _ ( s ) ot ((v) %0 56 n 2 0.76 n < 0.76 1%
Conclusion: Since : = L71 > 1.645, we reject H, and conclude that th ’ 4 e iR lese 29_95‘@3- reject Hy: m < 0.8 in favour of
process is out of control. _ ; A W) = e :
Example 13.18 The records of a ceriain hospital showed the birth of 723 males and 61 W e 2 ; . = (.55 in favour of
Jemales in a certain week. Do these figures conform to the hypothesis thar the sexes are born i G5y Since z = 2.335 > 2326 = zg9.We reject Hyl T = ,_ |

equal proportions. Use & = 0.02,

* Hl: x #= 0.55.
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2. (a)

&)

()

3. (a)

)
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(iif) Since Inms = =196 <

I . 2 = 1.897 < 1.96 = Zpy75. WE do not rejey
Hy: m = 1/4 against H:n = 1[4
(iv) Since foo0s = —2.576 < 7z = 2179 < 2576 =

%995+ We  do not reject
Hy: n = 0.65 against H:m # 065 '
(v) Since z = -3060 < —-2326 =

o1 WeTeject Hyim > 076 in f
of Hi: m < 076, ) ! g

of significance ),
( Since 7 = 2041 > 1645
Hi:n > 0.60; Yes)

In ¢ /i .

. .;oﬁll olf;l lﬁﬁgﬁ voters selected at a random from all the voters in a certain district, it

i lahr thS(] VOEf‘!FS are 1 favour of a particular candidate. Test the n;jll
P at the proportion of all the voters in the district, who favour the candidate

is equal to or less than 50% against thy i T
0.05 level of significance. & e altlernative that it is greater than 509 Use a

{Since 7 = 3, =z € rej .
z 6> 1645 = fogs» Wereject Mot w < 0.5 in favour of H:m>05)

A retai SRt
:har[cﬁl'; é’:“czs an order for 400 recapped automobile tires with a supplier who clajms
400 Gies amfufnsmmj_%; of hgs;]ougui 1S ever refurned unsatisfactory. In time, 31 of the
: dtistactory. Should the retaile . i P
Eh; rate of returns? Use 5% level oS gniﬁc;ﬁzznlmue to trust his supplier's word as to
nce z = 2524 > 1645 = , o :
: oos» WETElECt H.: T < 005 in &
H:m> 005 No) o in favour of

A ;:onggg;ﬂy Ff:escribed drug on a market for relieving
only effective, Experimental results with inj

: 1 a new drug administered |

sample of 100 adults who were suffering from nervous tension showed t?aa;: r?’gdgg

relief. Is this sufficient evidence thi
; : 1al the new drug js s i
prescribed? Use 5% level of significance, g 15 superior to the one commonly

(Silnce Z = 2041 > 1.645
fH:mo> 0.60; Yes )

Tervous tension is believed 1o be

= ogss Wereject Ho: m < 0.60- in favour of

oA;VelecmcaJ company claimed that at least 95% of the parts which they supplied on
5,55 cn;x::ier:t«conl\br:fct c.:onﬁnncd fo specification. A sample of 400 parts waspl'gstcd 51:1;
et specification, C 16 any' i ; :
et il p an we accept the company’s claim at 4 . 0.05 level of
(Since z = -5735 < - 1645 =

Zos - We reject K. - z in f
iy el 05 ] i W 0.95 in favour of

An electric company claimed Ih.
at at least 85% of the parts which i
- = > [
:o:iifi;me_d to spe,jmﬁcanons. A sample of 400 parts was tested and 75 l:ITc)i’ rf;lfﬂ:;:
pectlications. Can we accept the company’s claim at 0,05 Jevel of significance?

‘o050 We teject Hy: > 0.85 in favour of

(Since z = -~ 2100 < - 1.645 =
Hy: m < 0.85; No)

4. (@)

®)

5. (a)

()

6. (a)

(b)

- allergy, the medicine provided relief for

" this consistent with an cqual sex division in the population? Use

};pg;hen's Testing il

(¢) The manufacturer of a patent medicine claimed that it was at least 90% effective in

relieving an allergy for a period of 8 hours. In a sample of 2000 people, who had the

160 people. Determine whether the

manufacturer's claim is legitimate,

(Since z = —4714 < - 1645 = Zyess We Teject Hyr w2 090 in favour Of.
Hy: m < 0.90; No) S

A coin is tossed 100 times and 38 heads are oblained. Ts there evidence, at the 2%

level that the coin is biased in favour of tails? :

(Since- z = =24 < =205 = g4, wereject Hy: ©m 2 0.5 in favour of
Hi:m < 05; Yes) :

A coin is tossed 400 times and it tums up heads 216 times. Discuss whether the coin

may be an unbiased one, ; Vi ot

(Since zp. = —1.960 < z = 1.6 < 1960 = Zy 475 We do not reject Hy: m =035

against H,:'m # 0.5)

In a random Sample of 1000 houses in a certain city, 618 own colour TV sets. Is this
sufficient evidence to conclude that 2/ 3 of the houses in this city have colour TV sets?

Use a = 0.02. .

(Since z = - 3288 < —2326 = z54, werejeet Hy: m = 2[3 in favour of
Hy:m#2/3; No)

The sex distribution of 98 births reported in a newspaper was 52 boys and 46 girls. Is
5% level of

significance.

( Since: zp,; = —1.960 < z = 0594 < 1960 = z;4, we do not reject
Hy: m = 0.5 against H:n # 05.) ' '
The reputations (and hence sales) of many businesses can be severely damaged by
shipments of mgnufactured items that contain an unusually large percentage of defeciive:
items. A manufacturer of flashbulbs of cameras may want to be reasonable certain, that
less than 5% of its bulbs are defective. Suppose 300 builbs are randomly selected from
a very large shipment, each is tested, and 90 good bulbs are found. Does this provide
sufficient evidence for the manufacture to conclude that the fraction defective in the

entire shipment is less than 0,05, Use o = 0.01. il
(Since z = - 1.351 > -2.326 = z,,. we do not reject H,. The manufacturer cannot

conclude with 99% confidence that the shipment contains fewer than 5% defective

bulbs ) ; 24 ' ' i

A supplier of components to a motor industry makes a particular product which
sometimes fails immediately it is used. He controls his manufacturing process so that the

proportion of faulty products is supposed to be only 4%. Out of 500 supplied in one

batch 28 prove to be faulty. Has the process gone out of control to produce too many

faulty products. Test at o = (.05 applying continuity correction.

(Since z = 171 > 1.645 = gz, we reject Hy: © < 0.04 in favour of

4

H,:® > 0.04 and conclude that the process is out of control )
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134 TEST OF HYPOTHESES ABOUT THE DIFFERENCE BETWEEN

U'zj' = o) Then-f, is normally distributed with mean Hy
TWO POPULATION MEANS _ INDEPENDENT SAMPLES

common variance o ( j. e, C"f = \ oo el

_ and variance 52/ n, and '}?2 is normally distributed with mean g,‘,--and_\ranance. a /": and
There are many problems where we are interested in hypotheses concerning ahout the
differences between the means of twg Populations. For instance, we may wish 1o decide upon the
basis of suitable samples whether a new fertilizer is more effective than an existing fertilizer, o
whether a newly introduced product is more reliable than an ex isting product. Specifical] ¥, withip
the frame work of statistical language, we are interested in making inferences about the parameter
Hy — 4, . A test of hypothesis must he based on assumptions regarding the structure of the

underlying distributions, Two independent random samples must he taken — one from each of

. that X, is independent of X,. .
 Therefore, X, — X, is normally distributed with mean

e

and variance

the two populations of interest. 2 PR 1 i
ROp . : it it e + _.o;.._ —or, P +'n—
1341 Forms of Hypothesis. We are interested in tests about the parameter /i, — y, . Let ¥ P B 2 i 2

be a hypothesized value of the difference between twa population means the three possible null 4]
hypotheses about the difference between two Population means, and their corresponding -

Thus the random variable
alternative hypotheses, are: :

- T =t

1 1
L0 Epl | o S e
LT

Lo VHge Hy =ity 2 6, against Hitp ~ Wy, < §

2. H: By - p, <6, against Hip, — Hy > 6

) X » o I

. ; ; e e ] that the two populations have equa

y dard normal distribution. Since we assume R S

3 M Hy =, =6, against iy, - K, # 8, E:;na(\;\j;azaﬁancc‘i fes 62 = o2 unknown ), we will replace the population variance by the
: s N v

13.4.2 Independent Samples:  Normgl populariom,_ krnown variances, any sample sires.

- 5 ot sample variance.
Suppose that we have two independent random samples of sizes #pand n, from two normal 3

; i 2 e
i ies i stimates of g*, §
in making this replacement lies in the fact that we have two e i

! 4 : ; 4 - - o - ifficulty
populations having, Tespectively, means Hy and g, and known Variances of and 03. We g g d:; o different samples were collected. Even if c% =07 = ¢?,itis unlikely that
s i Pl i 1t sa . : - =
known that X, is distributed as Ny, , crf/nI ) and that X, is distributed as N(,u,z. O';/nz ST and Sy, since two differe ; p value because of sampling error. But if sf
and that )?1 is independent of X 2- The statistic ¥ ;= fz, the difference Betwaen two . the two samples collected ""’I”: have e_xac_tly Cio same d i .te s unkﬂlo‘.’;'.n 'popl-zla;inn
: . . ) ot > : sl R ! gt i estima
independent narmal variables, is also normally distributed wigh mean My ~ 4, and variance # and 57 differ which of these two estimates should be use io‘ St _ e
o a4 c3/n, - Consequently the random variable v viriance o2, : ol ; g
b ' & | Y ! . : stimator
9 - ¥ ol “f S e wish 1o obtain the best estimate available, it would seem reasnneplc to use an esti
o X)) < Hy) g s if S and $2 are the two sample
i FY S b that would pool the information from both samples. Thus, i 1 2 o ek
fad a i N Spulati the pooled (wejghite
I e n e : % varances (both estimating the variance ¢? comimon to both populations), the po ; .( i :

i n - 2 a
I : arithmetic mean) estimator of o2, denoted by S2.18
has a standard normal distribution. Thus the appropriate test statistic i

(m =182 + (n, ~1)§2 .0

e A ; ; 3 : 3 =
Z = ‘—'———-‘—-_____FX] é:’ % ; " S o+ ny, —2
] 2 2
5 U] 02 4 A
. SRR 2
11’- i X, =X+ (X, -X,)
; g no+n, — 2

134.3 Independent Samples: Normat popui’arions, Same unknown variance, smalf samples.
Suppose that we have two independent random samples of sizes moand n, (m, < 30 and

EXG =D+ (Sx In £
f, < 30) from two pormal populations having, respectively, means My and u, and unknown

notn, —2
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To obtain the small-

estimator of a2 info the above formula 10 obtain

which has a tdistribution with = Bk ny — 2 degrecy of freedom,
1344 Independent Saiples: Any Populations,
large ( sav areater than 30) the assumptions reg

arding small samples can be greatly relaxed, It is
ne Longer necessary to assume that the parent dj
Theorem assures thay

stributions are normal, becanse the Central Limit
X, is approximately normally distributed with mean 4, and variance
ai/n,, and thar X, is also a

PProximatcly normally distributed with mean p, and variance
93/ n, , and that X, is indepen

dent of X,, then X, - X, is approximately normally distributeq
with mean My -

large samples. Whey both sample sizes gre

M and variance o2 /n, + a3/n, .

Thus the random variahle :

. =X g =
= 1" 720 = (K ~p,)
7 =2
i h

"y ]

has an approximate standard normat disiri bution.

Because » 1 and n, are both large, the 4pproximation remains valid if o} and c% are replaced
by their sample variances $7 and 57 The assumption of equal variance is not required in
inferences deriyed from large samples. We can stil] use Z test with ff

.5'22 substituted for a3
o be applied.

substituted for g2 ang

50 lung as both samples are large enough for the Central Limit Theorem

That is, we yse

as the test siatistic,

The Summary of the procedure o
Populations whose variances ol

the three respective aliernative hy

f testing a hypothesis about the differenc
e are known/unknowsn, ar g given si
Potheses is shown in the following table

e between means of two
gnificance level o for

samples test statistic for testing H. - = Haota % . substitute the pooled 4
E dy: p 2 0 -.

S A e e s M
Mk i
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ions, o2, o2 knownfunkuown:
sans of two populations, oy, 67 k
Testing difference between means

Summary of procedure for 3 alte:‘ng_t:vcs

3 A oTeSTS
B Choose alternative hypotie 2

Hyi fy =, €8,
H'|: ,ui _“‘2 > 5”

Csienificance: !
Set level of sigmficance

e

(EI _'Ej.' = 5[!

i = 5

: 5 o g5
=TGR G ) !

ﬁ o iy e o B i

Il

Rejﬂl-"- Hu if

M 5. = remu.

= i
. o ] Reject H; if . .
Reject H if ! Y AR e {
Lz Y_n ;
Z< <e | et 2y 2
‘ [}

|

‘ Calculate the observed value of test statistic. j

(F-H)-0 _ &%) -8 ll
zo= S 2 it r;: E;L 5 | b
lop _o: I: R b
3 i + : o : ,I
: | =
| el
[ - B S ~ I
; i { We reject M if !
e rajeet. if E We reject H, il : |
We reject H,, i . il i |
=g g I
I<Z, ; 4 g >t
therwise we do otherwise we do
otherwis

|
I

i otherwise we do {
not reject H 9 |

not reject H

notreject Hy o

T'h . 2 = 3 W
2 S1Im I iffe & 4 [ FMGINs (%) S
. i rence between
< i o sis about the diffe ; o - |
minary of the prm‘.ti'du e of testing a hypolhl—‘a \ e .
i 5 5 S = ; ]) - 2 ' x
p p ak .ﬂh same Uﬂl\nﬂwn ance 0 =05 = C ara =t VET 5!2;1' ficance

l}()l'lna.i ) lil'ltlons W vart

= o = MW i [ ing tuble.
I i Y o5 15 5 i the f(.l“UWlJI_,LI

f the th CC'J'L.SpeCli\-'b' Ullel‘niluvl— h "[_Jk“h&.bl.h 15 sho i

o, Tor =
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Testing difference between means of two normal populations, same unknown variance:

Summary of procedure for 3 alternatives

Choose alternative hypothesis -

Hof =i, = 60

Hy: oy —py <6,

Hg:py =py £ 68,
Hy:p—p, > 8

*—“_'L 2

Hyt oy "ﬂr_t &

Hy: jy—py 28,

Set 1cvél of significance: o

P

Jz‘:xn o ;;1)2"" L(X;, - fz )?

1 e, S )

| P

Reject H, if .
s Lo

v o= rz1+'nl-—2

Reject Hy if

T> ru: =2

Reject H, if
T <17, er -

T>1 e

 Calculate theidlserved VAUE oftest statist

I ¥

Jz(xn %) + Z(x, - %;)?
S, = : 2

Byt g =2

L

e

We reject H, if
r< i‘Ir':ﬂ

otherwise we do
not reject H,

We reject H,, if

L=

vil-o

otherwise we do
not reject Hy

We reject H, if

I < 'rv:n('»‘z ar

1> I\';m’ 2
atherwise we do
net reject Hy

" Hypotheses Testing by i1

Example 13.19 Apex's current pa&kag:‘ng machinery for coffee is known to ground coffee into

“l-pound cans” with a standard deviation of 0.6 ounce. Apex is considering using a new
packaging machine which is expected to pour coffee into “1-pound cans” more accurately, with a
standard deviation of 0.3 ounce. Before deciding to invest in the new machine. Apex wished to
test its performance against the old machine. A sample was taken on’ each machine to measure
the mean weight of contents of the “l-pound can”, with the Jfollowing results.

Sample ; Size Mean
Using Old Machine B =008 X, = 16.7 ounces
Using New Machine . n, = 36 X, = 15.8 ounces

. Test, at the 5% level of significance, the hypothesis that there i no difference in the average

weight of the contents poured by the old machine versus the new machine.
Solution. We have ny, = 285, X, = 167, o, = 0.6

n, = 36, T, = 158 G, =03
2 2 : 2

The objective of the sampling is to attempt to support the research ( altetnative ) hypethesis
that the average weight of the contents poured by the old. machine p, differs from that of the

- mew machine M Con'se(ﬁ;enuy,'wc will test the null hypothesis that Hy = [, against the

alternative hypothesis that oy # i,

. The elements of the one-sided right tail test of hypothesis are:

The clements of the two-sided test of hypothesis are:
Null hypothesis Hot ity = py ="y —p, = 0(ie 0o =0

.

Alternative hypothesis  Hy: pu, # p, = By —H; # 0(ie 8y # 0)
Level of significance: @ =005 = o/2=0025 = 1-0/2 = 0.975

q (X B X 2) = 8§ .

Test statistic: o fs =0 follows a standard normal

' distribution under H,
Critical values: Zo/a = Zogms = — 1.960,

' _ i =T =1.960 { From Table 10 (b)
Critical region: Z < -1.960 or Z > 1.960) i
Decision ruler Reject Hy if Z <~ 1960 or Z > 1.960, otherwise do not reject Ho:
Observed value: TNz & '_212 Jo o = AR e U = '6.92
2 2 ) J
of o1 [wer . (o3

; m ", 25 36

Cenclusion: . SBinge z = 6.92 > .1.960, we reject. H, and conclude that the mean

weight of a *1-pound can” filled by the new machine is riet the same
as that of filled by the old machine, - - i 2

_ Erlmpfc. 13.20 The test was given to a group of 100, scouts amf: te a gmuf af 144 guides.

h ‘mean score fﬂ?’ d‘lf scouts was 27153 and the mean conrs far the euidec was 2681




esearch ( alternative )
is greater than that of

| = Al s ] The objective of the campling is to atlempt o support the T

*! Solution: . the mean daily income after advertising campuign Hy

i Assuming a common population standard deviation of 3.48, test, using o 5% level of hypulhe“s tha 1 o wil test the null hypothesis that [l
sy . . n - roOWE o - b

i significance, whether the scouts performance in the test was better than that of the guides. pefore the €a mpaign H, . Consequentiy

i Solution. We have = 10U, Xo= 2153

<y against the

ternative hypothesis that fts = Hy- :
ded right tail test of hypothesis are i T
Hy: a5 M = My — My < (e 0 =

= 0(ie 8y > 0)

al
The elements of the one-s)

n, = 144 X, = 2681

il Common population stndard deviation: @ = 3.48 Nudl hypuihesis

Alrernative hypothesis Hap, > b = - B 95
e

The ohjective ol the sampling is to attempt to Support the research ( alternative ) hypothesig

that the mean score for the scouts y 18 greater than that of the guides i, . Consequently, we sl f sigaificance: ’
will test the null hypothesis that g, < g, againstthe alternative hypothesis that 4, > [i,. fallows a standard norimal

! MK zZ = :
The elements of the one-sided right tail test of hypothesis are: Test SHULSTIC distribution under H,
Null hvpothesis Hyi iy € My = =, & 0(ie dy s U)
R R e T ; o g = D { From Table 10 (&) }
7 eiriced] VOELME. Sl o CH
Level of significance; o = 0.05 = I - = 095 Cririce o 2% 645
i (X, - X)) — 5 _ Critical reR;gn. e HAET B 1.645. otherwise do not reject Hy
Test statistic: e ————— fallows a standard normal Decision Fule: ] 4 ; 1255) - 0
o 1 + s distribution under H,| i i __L_l@_;_;,z__ = 1414
I| ”1 y Observed value: T = (215)* 5 (238)"
i T .30
i Critical value: S R { From Table 10 (b)) 0 |
i . ' ; jec . That is, the sampies
b Critical regton: Z > 1.645 c ]'Jm_;ml. Since 1 = 1414 < 1.6435, we do not reject H, i e
| T . : : ; oie 3 s : = (.05 sigmb - X
Decision rule: Reject H, if- Z > 1.645, otherwise do not reject Fins: do not provide sufficient evidence, at Ihe o . 0 ?h-;lgnhe advertising
e ] 27 ) 0 for the restaurant management to conclude :
Observed value: z = &= 0 inet N (253 2680 - = 1.589 campaign has increased the mean g ympare twa diets
| 1 1 1 ; - : @ herd of 25 milking caws yean o
[ TAR e 2 : % test is conducted on a neré ol = ) oROIMIC
P {100 144 Example 1322 A feeding test IS COMBEE Ly g iuifa, Dewatered alfafi hés &0 00y
: 2 - one of dewatered alfalfa and #o. 9 ing produces a liguid protein-rich by product that can e
Conclusion: Since z = 1589 < 1645, we do not reject f, and conclude that advantage in that i1s mechanical pm.wss'mgij A sample of 12 cows randomly S"‘lec"jdf R lte
there is not sufficient evidence, at 5% level of significance, to show v used 1o supplemeni the _{jeeﬂifzj;} g{hf;lgd?LTui;;iﬂg 13 cows are fed field-wilted _a{fﬂf‘ﬁi- :‘ :L’é’;
€ o lonmey TRl IR e hird e o riz};sff:er a zhre'e—week period, the average daily mill productian P .
guides. pbservarions :
: ! - eqach cOW 1St
Example 1321 The management of a resiaurant wanis 1o determine whether a new advertising recorded jor ¢4

Field-wilted alfalfa
Dewatered alfalfa
Do the daia strongly indicare that the nu

i ? . Testai O = 0.05. : ;
Wil adale, ples and estimate of common variance are -

campagn has increased its mean daily income ( gross ). The income for 50 business days prior
lo the campaign’s beginning were recorded. After conducting the advertising campaign and
allowing a 20 days period for the adverising 1o take effect, the resiaurant management recorded
the income for 30 business days. These two samples will allow the managemen: to make an
inference about the effect of the advertising campaign on the resiaurant's daily income. A

1k vield is less with dewatered alfalfa than with field-

! i s of two sarm
summary of the results of the two samples are shown below:. Solution. The mear
. Sample Size Mean Standard deviation
Before campaign n o= Sl B 1255 §l = 215
After campaign | n, = 30 X, = 1330 5, = 238

Do these samples provide sufficient evidence for the management 1o conclude that the mean
income has been increased by the advertising campaign fest using 0. = 0.03. !
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g Zh . o8T dsis il
1 13 g

shwosd o M
) 12 ’_
2 ¢ iy 2
e S (Zx) = 27273 - GRY 767.69
m
) ; ;
Stag ~ 2, = S SHBL T (5?? - 840.25
fa

5

J Z(x], R El)z + E(x'z__iz)z
SP = ;

_ | 76769 + 84025
n o+ n, -2 ;

= 8.36
13412 -2
The ébjective. of the sampling- is to attempt to suppeort the research ( aliernative ) hypothesis
that the mean milk yield with dewatered alfalfa j1, ‘is less than with field-wilted aifalfa ;u, .
Consequently, we will test the null hypothesis that @, > g, ‘against the altemative hypothesis
What s < o VA ' -
The elements of the onc-sided left tail test of hy'paih_esis are: y
Hyt jro 20l iss o~y 2 Bi(ie 8, = 0)

%

Nl hypothesis
Aliternative hypﬂ'rkeﬁ.s‘ Hitfly, <y = [, -, < 0(ie 8§ < 8)

Level of significance: o = 005

: (?z"fl)_-gn e

Test statisric: e - follows a t-distribution under

: ol 1 1 =5 il

Sp —_—t — H, with
: n 2 : '

Degrees a_fﬁeedam: VeEm+n -2 =:13412-2 = :'2‘3-
Critical value: o= baoss = -1714 . (FremTable 12)
Critical region:: I < —-1714-.

Decision rule: Reject H, if T < ~1.714, etherwise do net reject f’a

(42.25 - 45.15) —'8.

i en) ke =.~0387

Observed value: = - = .
o e e 7 . T P
m n, - 1t )
Since ¢ = - 0.87 > - 1714, we do net reject Hy: pt, 2
against Hy: p, < .

Ceonclusion.

Example 13.23 Two random samples taken independenily from normal populations with an
identical variance yield the following results. ;

k|

|

Wi

Hypotkcseg.c. Tesﬁng : 151
"'-=.\--S$'l_'f1‘p_.le_ 1 ¢ Size Mean - - Variance |
| Lo =ain Ep= 10 3% = 1200
85 e ella n = 18 ¥, = 25 5 = 900

Test the hyporhese:s f_!m_r‘ the true difference between the population means is at most 10, that is
Ha = By £ ](‘].\ against the alternative that Hy = My > 10 at 5% level of significance.
‘Solutian. The estimate of common variance is
i a0 i .3 ~
St (ry —1)s, + (ny - 1)5?_2
P motnr, —2

i (12 =1)1200 + (18 —1)900 319
12 %18 ~ 2 S

The _ob_jc-_:ti'vc of the sampling is to attempt te support the research ( alternative ) hypothesis
that thé mean .Of second population i, is greater than that of first population [, by more than
10 points: Consequently, we will test the nuH hypothesis that u, ~ p, < 10 against the
alternative hypethesis that 11, — p, > 16.

The elements of the one-sided right tail test of hypothesis are:

: Nun'h;,-pmg._esés Hot, = i < 18 (ie §,<10)
Afremarive'hyporﬁe.vfs Hipy, -y > 10 (Le d,>18)
Level of significarice: & = 0.05 = 1-o = 095

(X, - X)) - 8,

Test statistic, I = E follows a r-distribution under
1 5
S, | —+ — Hy with
L] s
- Begrees of freedom: Vemt+tn-2=12+18-2 = 28
Critical .m!ues: Boilea = Tagaes = L70I ( Frem Table 12)
Critical region: T > 1701
Decision rule: Reject Hy if T > 1.701, stherwise do not reject H,,.
Observed value: [o= Sz a % MR L = 0.421
% g '
.rp\/——-q- 318 —I-—+—I—-
n My ¥y 12 18
: F’a:zclus:’an; Since r = 0.421 < 1.701 = t,; .., we do not reject H,.
-‘-‘-—__"‘-%
3 ) Exercise 134

L () _"F.orl;each'- of the following _si:ls of data, perform a test to decide whether there is a
Sf.gm-ﬁcaut-dxffercncc between the means, y, and M5 . of the normal populations from
which the samples are drawn.
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] e el T
e - b b ypotheses
2 A =0 3544 35 i e VS
B {tahid el 5
L) ST 95 A ? Hl:ﬂl d
| : o5 25 | 135 25 Hyu, 2o
iy g 92
| 2
. Hdin 2
(i i 5 5 L
{1 | 1545 6.5 50 | 1480 7.1 Hypy < i
= G
; i : Hiop >
i - CH > H,
oS n, b x, | Common Population Hypotheses [y o
i = = standard deviation o ' i ¥
oo [1273af 100 12410 0.9 Hy'pt, < | sa
. a-Hp = Hs 5%
o y Hydth =
) 3 el
| 30 { 192 45 315 125 Hoilh 2 u
Ty Z g, 1%
. Hoih €
(v 3 17 3 ey
Vi) 200 | 18470 300 27663 (.86 i o P u2
I ] ; arH) = Hs 10%
Hoow &
The : T .
o T =3 n B Bl %y H
(vii) 5 : 2= ¥a) ypotheses o
) | 40 | 2128 s 50 |2s80] 772 lH,p < %
2 o NSO 56
(vifi) &0 | 6824 2 HI e |
; 2 2508 100 | 5740 3069 Hytpy = u
i K a 2%
| g
3 | . i Hou #
= I~ e o0 : ’u-‘
{21 ] SARU SENG 80 i | SM26 His .u'l 1 ; = n
. - [ e e A e e 2 1%
Hytp— g, > 20
A AD Since ¢ = ~-32.09 . 3
i : 2086 « - 196 = Syms. Wereject iy = p. in favour of
S : 5 Hr o
(1) Simce - = — 1400 '
402 > — 2054 = Tpg» We do not reject H: My 2

(il)  'Sinee = = 2493 = 2395 =

iy

(i

aganst Mo g < o 3

= T W I . i
pow+ We Teject Hyip, < p, in favour of

H‘ E Iui > IH_—. =
Singe = TR = 4 == ; W I T =
23] =y [.645 = s (= i X i el T
el ! bt AR (0.485 ey Hﬂ i} I"‘] H m fil_\'ﬂu of
RiIiLL‘ = -- 2056 > — - W o o
: o 0 = ok . Wwe d 0t rejec 151
. ? : 5 - 2326 e [a} tr Tect H” : .“| i o bl il.__fij! !
-{\\-EI'IL‘.I"_‘ L= 1./83 45 . reject H : = f ta
. e e b A= 4145 we = [I‘ ;!] = l{{‘ il‘l avour (’I

HI::U; = H.

A

{b)

2. (a)

(h)

3. (a)

()

Hypntheses Testing : .
= i8]

(vii) Since z. = 1752 > 1.645 = z)45, WE reject Hy: M, < W, infavour of
Hiify > e '

(viify Since Zgp = — 2326 < z = —2.35] < 2326 = g, We do DOV reject
Hy: g, = iy against Hy: gy # fp.

(ix) Since 1 = 2453 > 2326 = Zjg . W reject Hy: [, — Ho = 20 in favour

of Hi: iy — #y > 204

A-simple sample of heights of 6400 Englishmen has a mean of 67.%5 inches and a
standard deviation of 2.56 inches. while a simple sample of heights of 6400 sAustralian
has 4 mean of 68,55 inches and a standard deviation of 2.52 inches. Do the data indicaie
that Australians are on the average taller than the Englishmen.

| Since z = 15589 > 1.645 = Zgg5.WE reject Hyi Uy S M against Ht [, > H,

at o = 0.05.}

A random sample of 100 professors in private colleges showed an averdge monthly
salary of Rs. 5000 with a ctandard deviation of Rs. 200. Another random sample of
150 proféssors in Govt. Colleges showed an average monthly salary of Rs. 5600 with a
sandurd deviation of Rs. 250. Test the hypotheses that the average salary for the
professors teaching in Govi. Colleges does not exceed the average salary for professors
teaching in private colleges by more than Rs. 500. Use oo = 0.01.

{ Since 5 = 3.499 = 2326 = ZIjge. WE reject Hyt Ha — My < 500 in favour of

H sy~ 4y > 500, }

A random sample of 80 light bulbs manufactured by company A had an average
lifetime of 1238 hours with a ctandard deviation of 94 hours, while & random sample
of AN light hulhs manufactured hy company B had an average lifetime of 1029 hours
with a standard deviation of 68 hours. Because of the high cost of bulbs from company
A, we are inclined 1o buy from company B unless the bulbs from company A will Tast
over 200 hours longer on the average than those from company B. Rup a test using
« = 0.01 1o determine from whom we should buy our bulbs.”

| Since z = 2.118 < 2.326 = g9, We do not reject Hy: [y = Mo

Hp:py — 4, > 200.]

< 200 aganst

A farmer claims the average yield of corn of variety A exceeds the average yield of
variety B by at least 12 bushels per acre. To test this claim, 50 acres of each variety
are planted and grown under similar conditions. Variety A yields on the average 86.7
bushels per acre with a standard deviation of 6.28 bushels per acre, while Variety B
yields on the average 77.8 bushels per acre wilh 4 standard deviation of 3.0l bushels
per acre. Test the farmer’s claim using a 0.03 level of significance.

{ Since = = —2.603 < —1.645 = ZIngs, WE reject Hy: fy — Ho
Hio fhy = s % 12 .}

> 12 in favour of

An examination was given to two classes of 40 and 50 students respectively. In the
g, while in the second class

firet class, mean grade was 74 witha standard deviation of
the mean grade was 78 with a standard deviation of 7. Is there a significance
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4 (@
- of 1230 hours with a standard deviation of 80 hours, while a random sample of 121

(®)

§i ()
i

5. (@)

®)

difference between the méan grades at 1% level. g
[ Since z500s = —2.576 < z.= 2490 < 25’?6 = Zgg5. We do not reject
Hy:py = ) against Hyt p 2=, |

A random sample of 100 Light bulbs manufactured by company A had a mean lifetime

light bulbs manufactured by.company B had a mean lifetime of 1200 heurs with a
standard deviation of 66 hours. Are the mean lifetimes of bulbs manufactured by two
companies are significantly different.

{*Since z = 3 > 1960 =

Hoap = i

A random sample of 200 villages was taken from Faisalabad District and average
popuiation per village was found te be 498 with a standard deviation of 50. Another
sample of 200 villages from the same district gave an average population 510 per
village with a standard deviation of 40, Is the difference betweeh the average of the two
samples statistically significant ? .

Zggis. We reject Hyp: py = g, in favour of

{Since 2= ~2650 < - 1960 = 7., we rcjcct Hg: gy = py in faveur ef
pogE

The means of simple samples of 500 and 400 are 11.5 and 10.9 respectively. Can
the samples be regarded as druwn from a population of standard deviatien 5 ? Ty

{ Since 250 = - 1960 < 7z = 1789 < 1960 =
Hyt py = p, against H: gy # u, )
Describe the procedure for testing the equality of means of two normal populations for:
(i)  Large samples,
)
For cach of the following sets of data, perform a test to decide whether there is a
significant difference between the means, u, and U, , of the ﬁormal populations from

Zg975, We do net reject

Small samples

which the samples are drawn.
"1 i r e. 3{“-’4! =5 -’.'7““"2' X x, :-:-__2’;(;2' -3, ) Hypotheses (]
: (1 6 | 171 83 7 | 1645 112 Hyv 2 1, | %%
- ' Hypy > oy
g ) | 5|6185( 5623 | 7| 9116 | 3086 |Hy:m o =p, | 5%
Hy gy # a4,
F (iif) ll 2384 296 1@ 206 145 Ho:p,- p, <4 1%
Hyp-p, >4
(i) 18 | 156.96 72 Hotuh = 1%
D HI,: iil # U, =

->—

Hypotheses Testing
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(c)

6 (@)

(b)

- (@)

(&)

" Females -

{ ) Since t = 2.135 > 1.796 = 1, g4, e reject Hy: g, < 4, in favour of
Hytfy > Hy. e . ;
(i)  Since tigopms = —2.228 < t = —0.567 < 2228 = t,0 4.5, WE do N0
reject Ho! iy, = U, against Hyip # pt,. : .
(i) Since 7 = 2.088 < 2.583 = 1,400, We do not reject Hy: i~ fi, < 4
against Hy: gty — 1, > 4. : i :
(iv) " Since ty s = = L701 < 1 = 1260 <-1.701 = 1, ,,s, We do not reject

Hot pty = p, against Hy: oy & g, )
Eight pots, grewing three barley plants each, were exposed to a high tension discharge

while nine similar pots were enclosed in an earthen wire cage, the number of tillers
( sheots ) in each pot were as follows: :

Caged 17 18 25 27 29 279 2305 17 28
Electrified A6 167 20 16 21 17 15 20

Biscuss whether the electsfication exercises any real effect an tillering.
me"k’*‘sm; 1753 = t5 095+ WE Teject Hy: gy <
- Hp, s ﬂzatu—@(ﬁ}

A randem sample of 6 cows of breed A had daily milk yields in Ib., as 16, 15, 18,

17, 19 and 17 and anether randem sample of 8- cews of breed B had daily milk
yieldsin lb., as 18, 22, 21, 23, 19, 20, 24 and 21. Testif breed B is better than

- lt, in faveur of

- breed A at & = 0.05.

{ Since t = 4162 > 1.782 = 1, 0, We reject Hy: g, <y, in favour of

Hiip, > .}
+*The heights of six randemly selected sailers are in inches: 62, 64, 67, 68, 70 and 71.
These of ten randemly selected soldiers are 62, 63, 65, €6, .69, 69, 70, 71, 72 and

73. Biscuss in the light ef these data that seldiers are on the avcragc taller than sailers.
Assume that the heights are normally distributed. i

[ Since ¢ = 0.526 < 1761 = fasoss: Ve do UONEIEET Hy: 4y < p, against
Hyify > pyat @ =085§ : o '
. The weights in grams of 18 male and 18 mm&wmmg necked pheasants are:

Miles “["J293 71380+ 1614 1497 1340 1643 1466 1627 1383 1711
1061 71065 - 4092 1017~ 10211138 1143 1694 1270 1628

Test the hypothesis of a difference of 350 grams between population means in faveur
of males against the alternative of a greater difference.

{ Since 1 = 1.007 < 1.734 = t,; .o, We do not reject Hy: ;I]
0.85.}

The f@!lewmg data are the gains in weight, measured in peunds, of babies from birth te
age six months. All babies in both groups weighed approximately the same at birth. The

L, £ 3568 against
Hyopy - s > 350 at & =

babies in sample I were fed formula A, and babies in sample II were fed formula 8.
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;

8. (a)

(b)

9. (a)

(b)

e CICLlC ) i L 1)
11 diﬁemﬂ.[ normal pﬂ]}U]dU‘ 1 has [+ -.-J{
5 d 1 It a 0 mean

A Texi Book of Statistics — Py

{Assume that the experimenter hay

) 10 preconcei :
be better). preconcetved notions about which formulg p;
- f 11

Sample 1

3 O l
Sample 1] 9 10 8 - :
AR e S5

I&_‘H at the 5% evel of sipg nece tha . the mean 1 opul tron T eg ual o)
1 A
1 L_.,uhC&l that th mean o Popuia ! Al
: ol ] 5 e
I

population IT.

{ :)‘jJILﬂ ! = 2. 14 . = - 3 45 = il
14; 0,025 2.1 5 EAIT: 108‘ = 2.] £ we d €
H 3 14:0.975 O:not I'E] e :

Hy:u, = u, against By # u, )
Fr i .
1om the area planted in one variely of value, 54 i
: .54

these plants, |5 w *0f
| S5 ere “Off-types” ane
for these plants were: Rl

D e it o . 4

ges §
4.47, 5.2m' "
- :,(}6, 5.59, 6.711Y. 555
- 8.93, 591, 5:51? 6’?:1 ?‘37‘ L
Conhbnen st of 10 dffrence b

[ 1} T i = 5 25 I
= 3120 < - [ e = 3
nice ..“60 5.y WE T ct H agains,
S {8 fi 3.12 L i (= (i ,u Zainst

Hiop, # u,:0383 « Hy = < 1871}
2 [o e ;

The 1.Q.'s of 16 S T
Sttt ]utl}de::é]hom one drey of a city showed a mean af 107 i
P o ;m_” fe.llhe LQ0s of 14 students from another gre; W“}? .
between the LO s of the t 14 standard deviation of 8. [ there a -ci"n‘f'il‘m1 o'h'hc i
WO groups at (9 000 and (i) .03 icv;_»ltof!:iﬁ:}:"dlﬁere:ce
b significance

{ (1) Since S : iy =
:23. s — 2 05 A — ...... 5 £ ﬁ 3
i 239 2965 = 1‘13:‘}_99‘\- < we do not I'EjCCI

Oft-1ypes

Aberrants

een rhe. W0 means. Also compute a 95g,
poputation means, l

HU' ,ul -—ﬂz aganst Hl' ,L«' = My 8l o = OOI
( .} & = 2 5 i = ) =3 %
395 < - 48 eject H jJ i against
I S]IICE ! 2 9 20 ! 8005 We [ i
‘jl' P 3 ;ugral @ LOS‘} J
]U‘!e‘i“ﬁ of randon S4m Iﬂh, each of Size 0, iIO“] Tw
p
blanddid (1&\-1‘111(11‘} Were fﬂu]ld to be I6 and _:0 Ebpﬁcll el o ur [h{-l, {hﬁ Sc‘lm]ﬂe
o | L 5 v Y-

standard deviations were equal to p =
ns we ual to 5 ; 7 T otheses tha
i : and respectivel it the hyp
op ons have the same mean, using 0.05 leve] of sign{;‘ca tlt.[cih" ity
p ; S : 1cance,

o normal populations with the same

{ Since r = = 2:0 = - 147 « =
18 0.025 2:101 .

5 Sk I. 2]0} ! -WE d{) el C'LC
: .h‘n. L, = H, against H: M, #* ﬂ | ' e i
A random Sam ize = : : | n

sample of s . |
ﬂr ](}. Sﬁ]ﬁ(‘ttd frm'n E'l normal pl’rpl!hliﬂl] hﬂq i m
f: 5 d ca

T ]
I = <l and a standard deviation 3
LS (=0 =
viaton 5 = 5. A second randam sample of size ; 12
: BRI ES

= 24 and a standard

deviation §, = ¢
2 = 6. If =gy
Hi= 22and g, = 19 4pq 07 and o are unknown but
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approximately equal, test whether there is any reason to doubt that u, — f, = 3.
[ Since 1 = —2.934 < ~2.086 = oy pse we reject Hyt py — o = 3 in favourof

0. (@ The foll

)

()

Hi:p— iy, =3a0 = 005 |

owing values are ohmiu;:d by two dﬁ'fcrent samples while sampling 4 pormal

population with g = 3.0 und G = 0.5. Using these daia solve the following problems:
A 27 39 2.6 2.8 32 3.6 7 3.0 38 Al

7 Saakacay o0 SoneEite s Mod, 35

B 24" 23
()  Combine the data into one set and test the hypothesis H,: p = 3.0 against
H:u# 3.0
1if) ' Assuming that o is unknown test the hypothesis Hy: p, S fly aguinst
Hytf, > My Use o= U005 in both cases.
() Sinde Zpgs = — 196 <z = 0626 < 196 = 2y, we do noticject

Hyt it =3 against H: g, # 3.(i) Since t = 0694 < 1734 = #4905 Weda
notreject H,@ p, < [, against H 2 g, > Hy. )
A wroup of 12 students are found w hive the fullowing 1O s
112, 109, 125, 113, 116, 131, 112, 123, 108, 113, 132, 128
Is it reasonzble to assume that these students have come from a large population whose
mean LOUs is 1157 3
Another group of 10 students are found to huve the following LQ."s:
117, 110, 106, 109, 116, 119, 107, 106, 105, 108
Can we conclude that both the groups of students have come from the same population?
[ () Since f;,qms = —2201 < t = 1386 < 2201 = 4455, We donot reject

Hy:p = 115 aguinst Hyip # 115 ar o = 005, A

(i) Since 1 = 2608 > 2086 = Iygy5s. WE TEjECt Hyl [y = H, against
Hp: gy # gy owtoo= 005} '

A random sumple of 16 values from a normal population gave d mean of 42 mches and
a'sum of squared deviations from this mean as 135 (inches) *. Test the hypothesis that the
mean in the population is 43.5 inches.
Another random sample of 9 values from anothér nofrial
41.5 inches and a sum ol squares of deviations from this theai a5 128 (inchies)®. Test the
hypothesis that mean of first population equals the mean of the second population.

assuming that the variances of the two populations are equal.
= =213 2= =2 <€ 2131 = Hasgss. We 0O NOL reject

population gave a mean of

{ Since fy5. 23
H.: u = 435 ugainst H,: g = 435)

AoS
Since Iy g5 = _2069 < t = 0355 < 2069 = f4.495, Wwe do not reject

Hy: iy = M, against Hyoopgy My ] , ;
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135  INFERENCES ABOUT THE DIFFERENCE BETWEEN
TWO POPULATION MEANS—DEPENDEN T SAMPLES

There are many situations that require matched-pair comparisons. This method is
appropriate when the observatiens of two dependent normal populations are compared. Fcr.
example, if we are making inferences about the difference between blood pressure befote and
after administering a drug to heart patients, the blood pressure data after the drug is taken is
dependent of the blood pressure before the drug is taken. :

When matched samples are employed for making inference about the 'difference
between two population means [t, — [, it turns out that the procedures simplify to those for a

single population mezn . Suppose that we have an extreme and simplified form paired
observations with pmrmg of before and after measurements. To analyse paired experiments, we
consider for each pair the measurement before and after any cond:uom as variables X and Y,
respectively.

Suppose that X is a normal random variable with mean 4, and vanance a‘f, L e,
X ~ N(u,, 61) Y isa nommal random variable with mean i, ‘and variance o, 1 e,

¥ ~ N(i,, 63% X and Y are dependent. We wish to estimate Ha = My

‘We censider for each pair the difference between the random variables X and Y and
denote this random variable by D,

D =Y-X =4
We new consider the popula'fion of differences so obtained, We denote the mean of this
population of differences by i, and variance by o2 , which are given by
Hp = Hy - 1

2
Gh

Z 2 ;
c; +0;-2p 0, 0o,
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A simple random sample of size n is selected from this population of differences. Let
X, and ¥; denote the before and after measurements respectively, for the I-Fh object in the 1

random sample, so [XJ ; Y} is 2 matched pair of observations,

Thus {:X Y)1 {X‘zg ]s a(X
observations from the bivariate normal distribution wrth parameters given by g, = E( X:l
AR 8 W Var(X) ol = Var(¥),and p = Corr(X, Y) = Cov(X,Y)/(0,0,)

. The object is to make mferences about Hp = Ky — Uy, To measure the change in ¥

measurements of the i-th ob_;c(,t we use the difference

D =Y=X, b L=N2-a0n

I 1 T

v r-{hen Dpsix ==l Psnre mdepend:nﬂy and uient:ca]!y distributed: randnm variab

ith commeon nermal distribution having mean ,uﬂ and variance 9'19

9

Y,), is a random sample of n paired §

. Normal populations with

Hypothesis Testing 159

Now these differences Di= B— X, =1 2,-++ 5 may be thought of as a

random' sample of differences from a population of differences. We calculate the mean of the
sample differences D, 2 -, B, denoted by D .This statistic D is a random variable that
has a sampling distribution with Ly by
we are really c:.nmatmg My =
populations, The random variable

the earlier procedures for a single population mean, but
S u,, the difference betweed the means of the twe

follows a r-distribution with v = n - 1 degrees of freedom, where

"

5D,
s

n

i = " o
1 2(D - D) ZD? - nbh2
S; L =1 = i=1

n -1 no—1
n n- 4
LD}~ 3b | /n
e i=]

nin-—1»

1351 Test of Hypothesis abont y1, = pz - .

Like the censtructian of confidence
intervals for p = U,

= M, for the case of dependent (matched)
samples parallel those for single population. Me@.n sf the sample differences D comespond to e

mean of populatien of differences Mp =y = p, corresponds to p and o, corn:spond% o.
Small sample test of hypothesis Hy: p, = . 8, is based on the test statistic

~ My, testson u, =

Which has a z-distribution with v = n — | degrees of freedom.

The summary of the procedure off tesling i hypothesis about the dlffcrence between means of two

; malched pairs of observations, at a given significance level a, “for the
Tee respective alternative hypotheses is shown in the fellewing lahle
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Testing difterence hetween means of two nermal populations,

' Summary of procedure for 3 alternatives
i 7 T = |
’—“" Chouse alternutive hypothesis J'_"_—‘

m : i ifferences
I dom sample of n differences must be selected from the pﬂpulntll;ntos di

e i istributed.

' ! 'PIthc populaticn' of differences must be (approximately) normally distr

(i)

Dependent samples:

ibuti hen the sample
i 1 distribution can be relaxed w
5 tions of an underlying norma b e
ﬂ: ;S:;I;?lg the Central Limit Theorem to the differences Dy, D, ), sug
arge. .

sire 151

L ~ is large ( say greaterthan 30)
] ¥ _.arly normal distribution of (D — J-‘DJ/[SD-’/J_"_} i R e St
Hyt pp 6, Hy:pp =6y g ey : ique, consisting of a liquid protewn diet, is
X ’ 4 le 1324 A new weight reducing ;echmqw; inistration (FDA) before its introduction
el | Bt Tt j EI:;;IJ’ under going tests by the Food and Drug Adminis i
| R B v CHrre

| i i ights of a random
I ket. A typical test performed by the FDA is the faﬂowmg}.l T?;; w:;:}g:;:d ;z A e
i mﬂ; ;zo tepare recorded before they are imradu'ced 1o the ;qt:v 4 5; e
-' ;ampi; ﬂ); arf: rhin introduced to follow the liquid protein d;et far Pl ﬁ.le o
y e [ i e apain recorded. The resuils are
‘od, their weights (in pounds) are ag
! Pcrmd,f !

S|
Person 1 2 d :

D -8
T 1 . : 188 - . 197 204
; f : 150 195 .
= r ; Sy in : | : Weight before TN 191 200
r = 3D, ey o ’

‘ Set level of sieniNeunce: o

. 3
- Weight after | 14 = S ter
= e it O 0y o) 1 he 5% level of significance if the mean weicki is smaller af
- 3. = S Perform a test of hypothesis at the ;
: ! ; the diet is used than before the diet Is used. : :
~ : ; 5 e spuic differences are
PR s o o ﬁJ—_'_"_' "'—“It— T Solution. The mean and standard deviation of Q:u samipic di
Reject A, if J | Reject M, if Reject H, if J Derion Weight _ Dxffcmnce
‘ - Tt Tesy Tz or Before After (after minus Deles) d?
r Vi I vil-a [ Vo2 ! 3 x ¥ d!- i i X 4:9
[ g S -lr = - a |
[ Pl e | il-w? | . 1 150. 143 e =i 25
AT e , !
{ ! i S 2 : 195 190 -3
Calculate the observed value of test statistic | 3 188 185 . —3 2
y ' 36
o ' 4 197 191 =8 : o
By ‘ 5 204 200, =
T ‘ g Eow 135
SN \ Sums i : :
e Zid, —d )? | ; s % gl 25 3 _5. ¢
0 o— | ‘ d = = 5

We reject H, if =

: ' ’ 2 _nd? B35 -505F
We reject H, if We reject H, if : i = E.d;_'%__ = JT_—S—-l e
=
IRt sty i

[ <, 40 o0r
otherwise we do
not rejecl M,

otherwise we da

>
not reject H,

The expe HMENLET bﬁhe L= that the mean we ht €r 1 Sln&llel tha bﬁfﬂle ﬂ]eﬂ he me aﬂt:l
: aﬂ. 5 1 > the an
5 = 12
i s bEfOl‘L’, dlffel'ellCt! ',‘J-D 15 1&55 than zero. HEIICG M D < 0 15 the 31[5] native hypOihESlS. Ihc
min

elements of the onc-sided left tail test of hypothesis are:

vil-o/2

otherwise we do
not reject H,

ASsumptions. To make valid inferences 4
populations with maiched pair
must be met,

Null hypothesis Hy:pp 2 0
bout the difference between

means of two normal S o 1
of observations (dependent samples) the following assumptions Altemative hypothesis 11 Hp
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Level of significance: o = 0.05

" o 3 D — ‘Sa i 4

Test statistic: . e follows a s-distribution under H, with
Sm';\f.;

Degrees of freedom: . v=n—1=45-1 =4

Critical value: foo = U.g0s = =2132 ( From Table 12)

Critical region: r<-2132

Decision rule: Reject H, if T < —2.132, otherwise do not reject H,.

Observed I lue: t 8 ol 7.076

v A = 7 = = =7
Shlainy " 15800 .

Conclusion: Since 1 = —7.076 < —2.132, 50 we reject H,.

Example 13.25 Pmdula:rivi'ry ( units produced per day } for a random sample of 10 workers
was recorded before and after training. The following paired observations were obtained.

[Warker 2 e Be . a0
Productivity before |54 56 50 52 55 52 56 53 53 60
Productivityafter |60 59 57 56 56 58 62 55 54 64

Perform a test of hypothesis at the 1 percent level of significance to derén_nfne if mean :

© productivity is greater after training than before training. ;
Solution, ' The mean and standard deviation of the sample differences are

Worker Units produced per day Difference
Before After (after minus before) %
i T ¥; d = y —x d -d C(d;-d)
1 54 60 6 2 Sal-
e 56 59 3 -1 1
3 SR L 7 3 9
4 .52 56 4 0 0
i 55 56 1 -3 9
6 52 58 6 2 4
7) 56 62 3] 2 4
8 53 55 ) -2 4
9 53 54 1 -3 9
10 60 64 et 0 0
Sums : : Xd, =40 _z{df -.5_2’-)2=44_'_
Tt Rt A0
n 10
732
5y = )M— = /i = 221
n -1 Y 10-1

Critical region:

k3 Do the date pmw'dg sufficient evidence 1o indicate a difference in the mean
Byped per minute by the nwo candidates. Test using oo = 0.02. .

Hypotheses Testing
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The experimenter believes “that the mean productivity after is greater t.han before, then the

population mean “after minus before” difference Hp is greater than zero. Hence g p > 0 isthe
alternative hypothesis. The elements of the pne-sided right tail test of hypothesis are: .

Null hypothesis Hye gy, =00

Alternative hypothesis H:pp > 0

Level of significance: o = 00 = 1l-a'= 09
Test statistic: T

- &, : .
= .w follows a r-distribution under H, with

Degrees of freedom: V=n-1=

10-1 =0

Critical value: g t . ( From Table 12)

vilma = lfo.geg = 2.821
T s 2821 ;

Decision rule: Reject Hy if T > 2.821, otherwise do not reject .

d - 5, P e o
A T
Since t = 572 > 2.821, we reject. H,,

Eram!?k 1326 4 Com{:ﬁny' is interested in hiring a new secretary. Several candidates are
InIgw:ewe_c{ and-rhe choice is narrowed 1o two possibilities. The final choice will be based on
vping ability. Siv letters dre randomly selected from the company’s file, and each candidate is

required to type each one. The number of words typed i s 2
. § Iyped per minute is recorded h :
The data are listed in the Jollowing rable. i e

Observed value: t

Conclusion:

Letter DAEEEEEE 6]
Candidate A 62 60 65 58 59 64
Candidate B 59 60 G157 55 60

number of words

Solution. The miean and standard deviation of the sample differences are

Letter Number of words typed by Difference
Candidate A Candidate B (A minus BY
i x; ¥ d = x - ¥z d?
1 62 59 JohE RN
2 6[_) ' 6l (S 0
3 65 61 ' 4 16
4 58 57 1 1
5 59 55 4 16
6 64 GBI el 4 16
Sums e i 58
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2= 2l 0y
- = 2,667

GRS

5, = 05 S (3d? 6(58) — (16)2
e L
The experimenter belicve: .
; s that the mean typ; i
it e il gp:lng rate differs for the candidate

o
[

1.751

A and B, the

p * 0 isqhe

168

mine at the 5% level whether the pollinated half of the plant gives a higher yield in seed
*ion the non-pellinated half. State the assumptions and hypothesis to be tested and carry through

computations to make a decision

a Solution. The mean and standard deviation of the sample differences are

alternati p 18 not equal
e h-ypom.“’ The clements of the two-sided test qf h i zer_o‘ Hnce
Null hypothesiy - : of hypothesis are:

Hy: pp = 0
Alternative hypothesis H:p, = 0
Level of significance: C=002 = gf2-= 0.01 :
% =0 = 1-0o/2 =09
- Test statistie: i e -
3 { % 'stributi
3 / ,/I ollows a t-distribution under H, with
Degrees of freedom: Lt e i SR |
Critical values: i3 o2 =1 o .
vigf2 = fs.g0g = - 3.365, y
! =
i ; Vil- /2 s.009 = 3.365 ( From Table 12)
nml:'a! .r.egwn: T<-33650r T 3.365 I
Decision rule; i ; - | .
z Re i
: . Ject Ho if T < —33650r7 » 3.365, otherwise do not reject H
| g . ject H, .
Observed vatue: ks tie Sﬂ. = _3_655_7'_:2_
Wi - 135y = A
Conclusion: Since r = .

3731 > 3:365, SO We reject H,.

Pollinared Non-poliinateqd

0.21
0.12
0.32
0.29
0.30
0.20

0.76
043
0.92
0.86

Plant | Yield in seed Difference y
Pollinated  Non-pollinated | ~ (Pollinated minus Non-pollinated)
i X ¥ d; = %=y d?
1 0.78 0.21 057 0.3249
2 0.76 0.12 064 0.4096
3 0.43 0.32 0.11 0.0121
4 0.92 0.29 0.63 0.3969
3 0.86 0.30 0.56, 0.3136
i 0.59 0.20 0.39 0.1521
7 0.68 0.14 0.54 0.2916
Sums 3.44 1.9008
d = 2d; BT
n. 7

7(1.9008) — (344)°

R ”zdﬁ _(Zdi]Z
B nin —1)

.

7 -1)

= 0.1872

The experimenter believes that the pollinated half gives a higher meaﬁ. yield {n seed,
then the alternative hypothesis is g, > 0. The clements of the one-sided night tail test of

hypothesis are: :
Null hypothesis Hy: ytp = 0
Alternative hypor}tesis H:p, > 0
Level of significance: o« = 005 = I -o = 095
: - D-6 :
Test statistic: T = —F—2% follows a s-distribution under H, with
Sp/in |
_ Degreesof freedom: v =nan-1=7-1=26
Critical values: Liiie = teoss = 1943 ( From Table 12)
Critical region: T > 1943

Decision rule:

Observed value:

Conclusion:

Reject H if T > 1.943, otherwise do not reject Hy.

d - §,

0.491 - 0

Since =

i 7 e o o T -

6.939 > 1.943, so we reject Hy, and conclude that the

6.939

data provides a sufficient evidence that pollination gives a higher mean

yield in seed.
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=

Exercise = 13.5

1. (@) Hacmoglébiin values were determined on six patients before starting and after three |

(&)

2. (a)

(b)

weeks on B, Therapy. The following data were obtained

Individual | Haemoglobin (gm) Haemoglobin (gm)
Number Before Therapy After Therapy
1 122 : 13.0
2 1.3 - 13.4
3 14.7 - " 16.0
4 11.4 13.6
5 11:57 ¢ 14.0
63, 12.7 _ 138
‘Do the data indicate a significant improvement 7 _ i
(Since t = 5.927 > 2015 = f.q95» We Teject Hy: p, < 0 in favour of
Hyp, >0) '

Eleven school boys were given a test in Drawing. They were given one month's further |
tuition and a second test of equal difficulty was held at the end of it. d

Marks in 1st test 230 200 7100 210 DR o0 8 17 235 1609
Marks in 2nd test 24 :19 220 1B 200 22, 20 20 200 200 17

1

D_b the marks give evidence that the students have benefited by the extra coaching.
( Since r. = 0956 < 1812 = 1p; 005> 5O We do not reject Hy: i, = 0 against

H:p, >0)

A taxi company is trying to decide whether the use of radial tires instead of regular
belted tires improves fuel economy. Twelve cars were equipped with radial tires and
driven over a prescribed test course. Without changing drivers, the same cars were then
equipped with regular belted tires and driven once~again over the test course. The §
gasoline consumption in km per litre, was recorded as follows: : '

Radial tires 42 47 66 10 67 45 57 B0 T4 49 &1 52 1
Belted tires 41 49 62 69 68 44 57 58 69 47 60 49

Atthe 0.025 level of significance, can we conclude, that cars equipped with radial tires

give better fuel economy than those equipped with belted tires ? Assume the population
to be normally. distributed. -

( Since t = 2490 > 2201
Hi:u, >0]

= fiyomss We reject Hy: g, < 0 in favour of §

A certain stimulus administered to each of the nine patients resulted in the following
increase in blood pressure:

5, 15 8, 0, 3, = 5 -2, s

Hypotheses Testing

3. (@)

L))

4. (a)

)

Can it be concluded that blood pressure in general Is increased by administering the
stimulus. : :

(Since + = 3.0 > 1.86 = Iy, 095, Wereject Hy: g, < 0 infavour of Hy:ppy =0)

To verify whether a course in Statistics improved performance a similar test was given
to 12 participants both before* and afier the course. The original grades recorded in
alphabetical order of the participants were 44, 40, 61, 52, 32, 44, 70, 41, 67, 72, 53
and 72. After the course the grades were, in the same order, 53, 38, 69, 57, 46, 39,
73, 48, 73, 74, 60 and 78. ' i
(1)  Was the course useful, as measured by performance on the tést ? Consider these
12 participants as a sample from a population.
(if)  Would the same conclusion be reached if the tests were not considered paired ?
{use 5% level of significance in both cases ).

[ () Since r = 3445 > 1.796 = i as5+ WE Teject Hy: i, < 0 in favour of
Hp:p, > 0.

(if) Since r = 0.863 < 1717 = 1, o, We do not reject Hy: i, — <0

against H: tl, — pt; > 0},

The time required by 10 persons to perform a task in seconds before and after receiving
a mild stimulant are given in the accompanying table.

Before 34 45 3 43 40 41 33 20 41 37
After 29 42 32 29 36 42 26 28 38 33

Test the hypothesis that there is no difference between the mean times in the “before”
and “after” populations. As an alternative, assumed that the after population will have a
lower mean. Use 5% level of significance.

(Since t+ = —283 < - 1833 = tg. qpss We Teject HO: Hp 2z 0 in favour of
Hi:yp <0) g '

Ten jvgung recruits were put through a physical training programme by the army. 'Thei_r

weights were recorded before and after the training with the following results:

Recruit 1 2 3 4 5 6 7 8 9 10

‘Weight (Before) 127 126 162 170 143 205 168 175 197 136

Weight (After) 135 200 160 182 147 200 172 186 193 141

Using o = 0.05, should we conclude that the training programme affects the average
weight of young recruits.

. (Since 15,05 = -2262 < t = 1471 < 2262 = fg g5, We domot Teject
" Hy: ptp = 0 against A,: g, # 0)

The following data give paired yields of two varieties of wheal. Each pair was planted in
a different locality.

Variety I 45 335§ 57 6Dl ART T dgen s A3lliae
Variety Il [ 47 34 60 59 63 44 49 53 46 41

paym

By

1y

S et
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TEST OF HYPOTHESIS ABOUT THE DIFFERENCE
BETWEEN TWO POPULATION PROPORTIONS, ; — 7,

There are many economic and management problems where we must decide whether

observed differences between two sample proportions come from common or different
pulations. Such problems require a comparison between the rates of incidence of a

. characteristic in two populations.

‘13.6.1 Forms of Hypothesis. We are interested in tests about the parameter @, — T, . Let &,

be the hypothesized value of the difference between two population proportions, then the three

{T:;_l the hypothesis that the mean yields are equal
! mnce~ ¢t = :
. 6.725 > 2262 = To.0015- We reject Hy: py = 0 ip g
of Hi: up, # 0) o

13.6

5. (@) Twent ' :
Y college freshmen were divided :
) into 10 :
) approximat U paurs, each member of i ;
l\?glhema ;Cesli ezia:i:osilamu ; r{ng r{?ne of e::ich pair was selected at random mlélz;; f‘;} 2;\:1%'
: grammed materials only. T S
were as ERE ! Y. The other bers ol ;
1e assigned 10 a section in which the teacher lectured, At the endm:frrtlhc Segfei,f"h Pair -
ler each §

SIOUD e o S
p 2iven the same examination and the following results were recorded:

——
Pair Pro St
: grammed materials Lectures _] possible null hypotheses about the difference between population proportions, and their
76 81 corresponding alternative hypotheses, are: =
i 70 _ 32 l. ‘Hypm=m 23, against Hymy - my < &
4 85 87 20 Hyt ®j— Tgrs O against Him -mn, » §
: ;8 70 3, Hyim -my =8 aganst Him-m, # &,
L ) 1 =
6 : 75 86 ; Depending upon the alternative hypothesis a one-sidued left tail test is required for (1)
7 : 77 (2 requires a one-sided right tail test, and (3 ) requires a two-tal test.
g 82 Q0 j 13.62 Test based on Normal Distributions. The unknown propurtion of elements possessing
64 73 the particular characteristic in population I and in population IT are denoted by m®, and m,,
9 4 1 2
1_ ' : 79 g5 respectively. A random sample of size n, is taken from population I and the number of successes
10 88 83 is denoted by X, . An independent random sample of size i, is taken from population II and the
Test i ; ; . : 2
“pmg::c h)’clix:m; ;{m lhire s no difference between the mean seores . puitbis Sheicesv St g, T SRR TR
{ Sinka ;. g al” and “lectures” populations. Use 5% level of ~.|n|m tfw ) X i X
: s00ms = —2262 < ¢ = 0571 < 2267 = ¢ S iicanee, e ] Be
[r:‘ Ho: Hp = 0 against I b, #0) 3:00750 We di it e § _ n ny
(6) Ttis claimed that a new et willran y An intuitively appealing estimator for T, — 7, is the difference between the sample proportions
%J average in a period of 2 weeks. The ‘:e‘ilgi?z?n; weight by at least 10 pounds on the £, - P,. When testing hypothesis about 7, — =x,, we will use the sampling distribution of
i WO I L g ; ’ -y % o y,
I recorded before and after g ‘2-week period, et who followed this diet were P, — P,. Thesampling distribution of £, - F, will have mean and standard error as
o Woman : |
E.:;' [ o 3 . : .
i : 4 5 6 ; ; (1 — 7 ) {1 —1,)
R = 7 i = - = 2 ! = 2
Weight (Before) 129 133 136 T o = : Ko - = 7y, Tp -p J ny 0 ny
25

Weight (After) 130
121 128 137 129 132 For large sample sizes n; and n,, the random variable

Test the manufacturer's claj L |
i, Aelhtt mstiics utl:; sdcilsz::;gua{; a 3% level of significance for the mean difference in  § (P.—P)) = (7, =)
& normal. on of weights before and after to be approximately ' &= a-=n) (1 : e
b I s 3 ) - I, = 1t| s =y Kz
( Since ¢ = 0.910 = J ' o
i . < 1943 = 1., we do not SIS Hy ) anil0 s ; n, 1y
: 5 ' : .
1 Hp 10) 2 i is approximately standard normal. The estimate of the standard error of P, — P, can be obtained

by replacing 7, and 7, by their sample estimates P, and F, as

* 1 _‘[m-ﬂ) , BU-P)

Gl SRS

n n,
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The random variable 7 then becomes
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(B—F) = (% ~1,)

Hypothesis Testing

For large sample sizes n; and #,, the random variable

f

RA-R)  PRO-A) T A
7 ny
(a) Testing the Hypothesis that the Difference between Two Population Proportions

Equals Some Non-zero Vahse. To test the more general hypothesis H,: m, — 1, =.8,, we use
the test statistic I

is approximately standard normal under the null hypothesis Hy: t;, -, = 0.

Pfﬁ P

\/ﬁ(]—&)[%Jﬁ;‘ﬂ]
1 1

&=

(B-R) -4

J_’ﬁﬂ L BO-5)

m

Py

£/

The summary of the procedure of testing a hypothesis that the difference between two population
proportions equals some nane-zero value, at a given significance level o, for the three respective
alternative hypotheses is shown in the following table.

Testing that the Difference between Two Population Proportions Equals Some
None-zero Value. Summary of procedure for 3 alternatives

(&) Testing the Hypothesis that Two Independent Populations have Same Proportion of
Successes. Our aim is (o test the null hypothesis of no difference H,: m, = ®, . Under the null

—

Choose alternative hypothesis

T 8l

hypothesis Hy: m, — n, = 0, the two populations have equal proportions ©, = 7, , we denote
the unspecified common population proportion by m. f

Hy:m —-m, 2 6

Hyim —my <6y

Hy:m -7, <4, Hyim =

H:m—m>d, Hi:m —m, # 6,

T, = &,

Since under the null hypothesis it is assumed that 7 | = 7, = m, then the sampling distribution of
P, — F, will have mean

5E

Set level of significance: « |

|

Hp _p T-% =0
- 0 s (P -P,) - &,
and standard error \(Pl (1= P,)x+ E(l=F)
n(l-n)  =w(l-n e - i ;
Ocpe Up i ' % 2 T(l-m)| —+— |
¥ 2 ™ ™ n = : 5 . ; ;
3 ; Reject Hy if Reject H, if Reject Hy if
The unknown population proportion & involved in the standard error must now be replaced by Foy Zsz Z=< 2 .00
the sample proportion. & i H
: ; i : =y Z>
The difficu]ty in making this replacement lies in the fact that we have two estimates of m, P, and- el

F, , since two different samples were collected. Which of these two estimates should be used to
estimate the unknown population proportion .

Calculate the observed value of test statistic

Since we wish to ob'tain the best estimate available, it would seem reasonable to use an estimator (P —py) — 6
that would pool the information from the two samples. o
The proportion of successes in the combined sample provides the pooled estimate, J A “n_ 2 i “n_ !
£ o Spr ¥y A+ P | | - ;
Ay +n, "o+ We reject H, if We reject H, if We reject H, if

The estimate of standard error then becomes

Spon = \fﬁ(!— ﬁ)[

1

|

1

_+_}

Rz

(1

z<z,
otherwise we do
not reject 4,

2> q < Zgjp OF
otherwise we do > i

natreject Hg otherwise we do -

not reject H,




il hypotheses is shown in the following table.
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The summary ; e

& 2 Drt}' of the procedure of lesung a hypothesis that two independent population:

I proportion of successes, at a given significance level o, for the three respective altes e
Mative

Testi L :
esting that Two Independent _Populaimns have Same Proportion of Succe@ses-
Summary of procedure for 3 alternatives :

‘ﬁ Choose altenative hypothesis

V5 Sk == (
( o' M —my 20 Hy Tt -7y < 0
H:im-nm,<0 HiT—1,>0

golution, We have

[— Set level of significance: o
i |
i Lk (E-P)-0 hypothesis that T, — m, < 0.1
| \/ﬁ(l_ﬁ)(_l_+;J
FE} - I Null hypothesis
: ¥ +X
i A mE +n,P, R _
Jﬁﬂ ny +n, n o+ n: - Alternative lypothesis
;r. 2
gé 1 Level of significance:
i Reject H, if Pee D _
i Z<o zj o it Reject H, if Test statistic:
> Zl—[! e EUJ“ Ao 4
L > 2 a2

5 Critical value:

SRR o i
T e ey i

ﬁ Caleculate the observed value of test statistic j

Critical region:

Decision rule:

Observed value:

i
—=Er
=2
Pt
1
=
T
]H
+
|
e o L

T A s T

s A+ Xy np tn,p,
if =
i We reject H_ if ;
i 0 We reject H, if - ,
f U -
I’f: T : AR We reject Hy if
i - -
i : otherwise we do ; LS T Conelusion:
i not reject H otherwise we do >z
| Y not reject M, 1-af2
JL otherwise we do P
i ) not reject H,

Example 13.28 A cigareite manufacturing
hat 36 of 200 smokers prefer brand “A”
fest ar 0.06 level of significance thar brand
he alternative hypothesis that the difference is less than 10%.

% 56
FEyai= 20’0, x = 56, Py B n 200
: i 2
4 x 29 g
g =1 180, iy 28, Py = nl ST 0.193 _=
2 i

The objective of the sampl
that the difference between the two proportions of smokers 1T — T

Consequently, we will test the null hypothesis that ©, — ©, 2 0.1

The elements of the one-sided left tail test of hypothesis are:

Example 13.29 A firm found with the help

of the population consumes things produced by them. The firm then advertised the gao

firm disiributes two brands of cigarettes. it is found
and that 29 of 150 smokers prefer brand "B
“A" outsell brand “B” by at least 10% against

ing is to attempt to support the research ( aliernative ) hypothesis
is less than 0.1

against the allernative

Hoa =mg 03 (iLe,8y = 0.1)

H:n —m, < 01 (iLe,6, < 01)

o 0.06

i

z G —B) 8 __ follows approximately
\( AR(-PR) s P (A-P)  standard normal distribution

n n, under H,

= 1555 { From Table 10 (q) )

fa T Zods
Z < —1.555
Reject H,, if Z < — 1.555, otherwise do not reject Hy.

(py=P2) — 8
‘j pll-p) b Pl = py)
L) LY
(0.28 - 0.193) — 0.10
J&zs (1-028)  0193(1- 0.193)
200 150

= - (287

Since z = — 0287 > — 1.555 = 230 Wwe do not reject
H,: T, — 7, = 0.]0 and conclude that the data present sufficient
evidence to indicate that brand A outsells brand B by at Jeast 10%,

of a sample survey (size of sample 900) that 0.73
ds in paper

e PRI A TS T ———
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and on radio. After one year, sample of size 1000 reveals that proportion of consumers of the
goods produced by the firm is now O:8. Is this rise significant indicating that the advertisement

was effective.

Solution. We have o= 900, p, = 075, n, = 1000. p, = 0.80

e nop Py

"y + Hq

900 (0.75) + 1000(080) _ (77¢
900 + 1000

The objective of the sampling is to attempt to support the research ( allernative ) hypothesis
that the proportion of consumers after advertisement 1, is greater than that of before m;.

Consequently, we will test the null hypothesis that 7, < 7, against the alternative hypothesis
that ®, > m,.

The elements of the one-sided right tail test of hypothesis are:

Hyin, €m = "= s 0(he,dy S .0)

Null hypothesis
Alternative hypothesis ~ Hy:my, > &, = m,—7; > 0(ie,8; > 0)
a = 005 = 1-a = 095

Level of significance: :
(B—B)-0

Test statistic: Z = £ follows approximately |
2 2 1 1 P standard normal distribution
=) “,,_"Ih,,_z under H,,

Critical value: Lo = Zgos = 1645 { From Table 10 (k) }

Critical region: Z > 1.645

Decision rule: Reject H, if Z > 1.645, otherwise do not reject H,.

a5

Observed value: z = (P —p1)

\(ﬁ(l_ﬁ}[i+l_}

H‘l_ . nz
£ (0.8-075) -0 e
1 1
0.776(1 = 0.776)| —— +

\( ; _ }[ 900 1000 ]

Conclusion: Since z = 2.61 > 1.645 = z;,,, wereject H,, and conclude that (8

= A Al : ér
data present sufficient evidence to indicate the consumption aftef

advertisernent is higher than that of before.

Hypothesis Testing

Exercise 13.6

1. (@) For each of the following sets of data, test the hypothesis that there is a common

proportion T
Sample 1 - Sample II
Sa{nple Number ot | Sample Number of Hypotheses Level of
size.  Successes size Successes significance
(1) 150 125 200 176 Hyt wy 2my 5%
Hpim <m,
(i) 1000 542 900 427 Hym =m, 1%
Hym T,
(#ii) 100 63 120 80 Hy:mo=mn, 10%
H:m #mn,
(iv) 80 40 60 o Hyr <m, 5%
Hi:m, >,

{ (D) Since 7 = -1245 > — 1,645 = Zy05- We do not reject Hy:my 2 m

; L)
against H: m, < n,.

(i) Since z = 2941 > 2576 = Zy 95 We reject Hy: m, = T, in favour
of Hi: m # m,.

(i) Since z5os = - 1645 < z = —0573 < 1.645 = Zpg5, We do not reject
Hy:my = 7, against H: m; # m,,

(iv) Since z = 1.373 < 1.645 = Zp9s» We do not reject Hy: m, < m, against
Him > m,.)

() In a population that have certain minor blood disorder, samples of 100 males and 100

females are taken, It is found that 31 males and 24 females have the blood disorder.

Cj}n we conclude at 0.01 Jevel of significance that proportion of men who have blood

disorder is greater than proportion of women. )

( Since z = 1.109 < 2326 = Zyge» We do not reject Hy: m;, < %, against

Him > n,.)

2 (@) The records of a hospital show that 52 men in a sample of 1000 men versus 23

women in a samp_l_le of 1000 women were admitted because of heart disease. Do these

data present sufficient evidence to indicate a higher rate of heart disease among men

admitted to the hospital?

{ Since z = 3413 > 1645 = Zogss We reject Hy: n; < m, in favour of
Hinm > n,. ]
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(3)

(c)

4. (a)

]

5. (a)

& by

A Text Book of Statistics — Part | F hesis Testing

= 0.05. H in favo H:n,>x,)
UESS'e 05 02019 > 1.645 = 7,45, we reject H: m, <, infavourof H,: @, I
© {Since z = 2. : -

i students was asked whether they would Itun‘l to
: rlanf‘ime Sample_ofméfhir I;Lgrhhz:{;?:}it;t a homework assignment in Malhcmzt;:‘s \:i]t;:
e le of 150 high school students was asked ihfa samcf f.:;m‘i oo
e eain Sam}; ssignment in English. Use the resplt shown in the follo bft e
i hum?WOI 0? signiﬁcance to test whether or not me_re 84 dlff‘ergncc[han e
: a;d trt: ; p?(')(;lortii\;;: of high school students who turn to their fathers rather <
the true

mothers for help in these two subjects:

{ Since z = 2364 > 20537 = o8, SO We reject Hy: m,
Him = q

2
A random sample of 150 light bulbs manufactured by afirm A showed 12 defective
bulbs while a random sample of 100 light bulbs manufactured by another finy g

showed 4 defective hulbs. Is there a significant difference be

tween the proportiong
defectives of the two firms?

; ish
Mathematics Englis

( Since zyp,c = ~1.960 < 7 = 1270 < 1.960 = Zo.975 - We do not reject 50 85

Hol = 1, acuinst Heom # ¢, Mother: 65

: 91

It « random sample of 800 adults from the population of a large city 600 are found 1o Father: s * AU B e
be smokers. In a random sample of 1000 adults from another large city, 700 are Since z = 3.016 > 23576 = z,4s, WE ICjeCE HyiTy = Wy
smokers. Do the data indicate that the cities are significantly different with respect 1o the (Spanee, 8 S
prevalence of smoking among men, Him #%,) *
{ Since z = 2353 > 1960 = fogsy We Igject Mot %, = 1, in favour of ;

Hem # m,.) . . 0/ ' :
In two large populations, there are 30% . and 25% respectively of fair haired people. Is ' Exercise 13.
this difference likely to be hidden jn a sample of 1200 and 900 respectively from the Objective Questions
two populations? |
{ Since 7z = 2529 > 10960 = Zo.475 + We Teject Hy: o= om, .in favour of -’1_ Fill in the blanks.

Him # at o = 0.05. )

ar Al 00. A (1) A statistical — 1s an assertion about the distribution
mpe 1. 7 _ .

I ) | l . ine | ; Sula: variables.

achine puts out 16 i tlect articles ip g 5 mple of 500. After the machine is . Sl i

overhauled, it puts our 3 imperfect articles in a batch of 100, Has the machine been
improved? Use 5% level of significance,

(hypothesis)

is a procedure to

- tatisti othesis
: . ; ; (i A bl.ﬂl_l&.[lc&]ﬁhg}gr S A e
(Sice z = —0104 > _ 1645 = 7, ... we do not reject Hy- my 2 x, against 3 deiermine  whe R d by an observed random :
H:im, <n) y i3 parameter of population is supported by : (testing)
Itk i ; : :

sample.
In a random sample of 250 Persons who skipped breakfast 102 -reported that they . R d
2 : s : s which is  teste
experienced mid moming fatigue, and in a random sample of 250 persons who ale ! (if) A ———— hypothesis is that hypothesis whic

: S {(null)
' g = . 111 18 true. ’
breakfast, 73 reported that they experienced mid morning fatigue, Use 0.0] level of for possible rejection under the assumption that i
significance to test the pulj hypothesis that there i no difference between the  § Z e b e
torresponding  proportions against the altemative hypothesis that the mig morming g “(iv) An ———— hypothesis is that hYPOtbe_s‘s AL 4 (alternative)
fatigue is more prevalent amon £ persons who skip breakfast, _ ; willing to accept when the null hypothesis is rejected.
(Since z = 2719 = 2326 = Zug9 ., WE Teject e T, = T, in favour of Fas

H:m >ng,) 3 I (  The —— hypothesis always contains some form o (null)”

' : A ] : equality sign.
A manufacturer of house-dresses sent out advertising by mail. He sent samples of ! 3
material o each of two groups of 1000 women. For one group he enclosed a white is never contains the sign of equality -
- . . : I c

retum envelope and for the other 8roup, a blue envelope. He received orders from 9% (vi)  The g hizbiens s

and 12% respectively. Is it quite certain that the blue envel

: e : 5 oo
‘ s always 1n an inequality from.
ope will help sales, and is a]w(;f
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(vii) A statistic on the basis of which a decision is made about the 3
hypotheses of interest is called (rest statistic)
(viii) A ———— region specifies a set of values of the test
statistic for which the H, is rejected. (rejection)
(ix) An — region. specifies a set of values of the test
statistic for which the H,, is not rejected. (accepiing) |
(x)  The values of the test statistic which separate the rejection
region from acceptance region are called i 4
values. : (critical)
(xiy If the critical region js located egually in both.tails of
the sampling distribution of test statistic, the test is called 3
— test. (rwo-tailed)
(xif) If the critical region is located in only one tail of the
sampling distribution of test statistic, the test is called
test, (one-tailed)
o Fill in the blanks.
N A value of the test statistic is said to be statistically
if it falls in the acceptance region. (insignificant)
(i) A \falue of the test-statistic is said to be statistically
significant if it falls in the region. (critical)
(i) If the null hypothesis is false, we may accept it leading to a 4
decision. z (wrong) #
(iv)  If the null hypothesis is false, we may reject it leading to a 1
decision. (correct): &
) A——— emor is made by rejecting H o if H, is actually
true.
i) A —— emror is made by accepting Hy if H is
actually true.
(vii) The level of - of a test is the maximum probability

with which we are willing to a risk of Tvpe-I error.

- Hypothesis Testing 179

(viify ‘The level of ———— is the probability of accepting a true

null hypothesis, (confidence)
(ixy ~The ——— of freedom is the number of independent or

freely chosen variables. (degrees)

3, Mark off the following statements as True or False.

(i) The types of statistical  inferences are estimation of

parameters and testing of hypotheses. (rrue)
(i) A null hypothesis is rejected when a test statistic has a

value that is not congistent with the null hypothesis. (true)
(iii) The probability of accepting the true :null hypothesis is

called the level of significance. (false)
(iv)  The probability of rejecting the true null hypothesis is

called the level of confidence. (false)
(v)  The probability of accepting the true null hypothesis is

called the level of confidence, (true)
{vi)  An assumption made about the population parameter which

may or may not be true is called statistical hypothesis. (true)
{vit} The null hypothesis and alternative hypothesis  are

complementary to cach other. (true)
(i) The null hypothesis H, always contain some from of an

equality sign. (true)
(ix)  Theallernative H, never contains the sign of equality. (true)

4. Mark off the following statements as True or False.

(£) The level of significance 1s the probability of accepting a

null hypothesis when it is true. (false)
(ii) A null hypothesis is rejected if the value of test-statistic is

consistent with the H,. (false)
(iff)  The Type-I error is considered more serious than a Type-11

BITOT, (true)
(iv) A value of the test-statistic is said to be statistically :

insignificant if it falls in the rejection region. (false)
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(vi)
{vir)

(viii)
(&)
(x)

(xi)
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A value of the test statistic ' is said t

) Ao gl ‘ a b i
significant if it falls in the rejection region e statistically

I s S
the critical region is located in only one tail of the

amp jfig 18tri ution of th St-sLa! <.
5 ! 1 d b o e te Attt = 3 E
i : / statisn > ﬁibn 1L 18 Cduﬁd one

If the critical region is equally located in both tails of the -

sampling distribution of
: the test-statisti it is
[wo-iwl;d e statistic, then it is called a

The degrees of freedom is the numbe

variables. r of dependent

The t-distributio
n approaches t el n o
S BIRE he normal distribution as the

The standardized normal distributi

; on has smaller dispersi
than student’s ¢-distribution. Cdispersion

%

H, is rejected when probability of its occurrence is equal t
or less than level of significance. - e

(true)

(faise)

(true)

(e §

(rrue)

SIMPLE LINEAR
: REGRESSION
AND CORRELATION

} 141 RELATIONS BETWEEN VARIABLES

The concept of a relation between two variables such as family incomes and family

4 expenditures for housing, is a familiar onef We now distinguish between a functional relation

and a statistical relation, and consider each of them in turn.

j4.1.1 Functional Relation between Two Variables. A jfunctional relation between two
Jariables, is a perfect relation, where the value of the dependent variable is unigquely determined

2 from the value of the independent variable. A functional relation is expressed by a mathematical

formula, If x is the independent variable and y is the dependent variable, a functional relation

is of the form

Given a particular value of x, the function f( x ) gives the comresponding value of y. The
observations, when plotted on a graph, all fall directly on the line or curve of the functional

. relationship, This is the main characteristic of all functional relationships.

14.1.2 Statistical Relation between Two Variables. A statistical relation is a relation where
the value of the dependent variable is not uniquely determined when the level of the independent
vaniable is spcciﬁ?A statistical relation, unlike a functional relation, is not exact. The value of
y is not uniquely determined from knowledge of x. The abservations, when plotted on a graph,
do not fall directly on the line or curve of the relationship. This is the main characteristic of all
statistical relationships. : '

In many fields such as business, economics and administration exact relations are not
generally observed among the variables, but rather statistical relationships prevail. For example:
(i) The grade point ¥ secured by a student in the college is undoubtedly related to his grade
point x secured in the school. (if) The consumption expendimre Y of a household is related to
its income x. (iii) The maintenance cost ¥ per year for an autornobile is related to his age x.
(iv) The yield ¥ of wheat is related to the quantity x of a fentilizer. (v) The amount of sales Y
of a newly produced item may be related to its advertising cost x. (vi) The weight Y of a baby
is certainly related to his age x. (vii) The saving Y of a person or a firm is related to hisfits
income. (viif) The height Y of a son is undoubtedly related to the height x of his father, erc.

Causal Relation. Another factor to consider is whether a causal relationship exists between two

_ variables. In the example of stecl output and labour input, it is clear that-a causal relationship

does exist. The number of workers will influence the number of tons of steel produced. There is
also a causal relationship between hours of sunshine and the rate of growth of wlips. Conversely,
it is less clear that more steel output will cause a rise in the number of workers, nor will we make
the sunshine more by forcing tlips to grow faster. It is important to nole regression analysis and
correlatbn analysis make no assertions about causality.
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